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ALGEBRAIC APPROXIMATIONS OF COMPACT KÄHLER THREEFOLDS
by
Hsueh-Yung Lin
Abstract. — We prove that every compact Kähler threefold has arbitrarily small deformations to some projective
manifolds, thereby solving the Kodaira problem in dimension 3.
1 Introduction
1.1 The Kodaira problem
Let X be a compact Kähler manifold. An algebraic approximation of X is a deformation X → ∆ of X
such that up to shrinking ∆, the subset parameterizing projective manifolds in this family is dense in ∆.
The so-called Kodaira problem asks whether a compact Kähler manifold in general admits an algebraic
approximation. While Kodaira proved that compact Kähler surfaces always have algebraic approximations
in the early 1960s [27, Theorem 16.1], starting from dimension 4 there exist compact Kähler manifolds in
eachdimension forwhich theKodaira problemhas a negative answer. Such exampleswere first constructed
by Voisin [42], and the obstruction for them to deform to a projective manifold is in fact homotopical; see
also [35, Section 8 of the arXiv version] for other examples constructed by Oguiso. In each even dimension
no less than 10, there even exist (uniruled) compact Kähler manifolds X such that none of the smooth
compact bimeromorphic models of X has the homotopy type of a projective manifold [43].
The aim of this text is to answer the Kodaira problem in dimension 3, which has been an open problem
since these works.
Theorem 1.1. — Every compact Kähler manifold of dimension 3 has an algebraic approximation.
So far, non-trivial examples of compact Kähler manifolds admitting algebraic approximations can be
found in [27, 7, 39, 13, 21, 14, 31, 15, 32] and the list is rather exhaustive at present. A conjecture due to
Th. Peternell states that every minimal Kähler variety X has an algebraic approximation. So assuming
the Minimal Model Program for compact Kähler manifolds, Peternell’s conjecture would imply that the
bimeromorphic version of the Kodaira problem has a positive answer for every compact Kähler manifold
X of nonnegative Kodaira dimension κ(X); namely, every such X has a (compact) bimeromorphic model
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admitting an algebraic approximation. Prior to our work, the latter was already known to hold for
threefolds of Kodaira dimension 0 [21].
Remark 1.2. — As an immediate corollary of Theorem 1.1, the same proof of [32, Corollary 1.4] shows that
more generally, every compact complex threefoldX in the Fujiki class C with at worst rational singularities
admits an algebraic approximation (in the sense that Moishezon fibers are dense in a deformation of X).
Obviously, a positive answer to the Kodaira problem for a compact Kähler manifold X implies that
the invariants of X that are preserved under small deformations (such as the fundamental group and the
Hodge diamond) can be realized by projective manifolds. The statements of the immediate corollaries of
Theorem 1.1 of this sort are left to the readers.
1.2 A general approach proving the existence of algebraic approximations
Given a compact complex manifold X, one way to prove that X has an algebraic approximation is to
construct a bimeromorphic model ν : X d X′ of X together with an algebraic approximation X ′ → ∆ of
X′ which induces a deformation of ν : Xd X′. If Y′ ⊂ X′ is a subvariety such that ν−1
|X′\Y′ is biholomorphic
onto its image, then it suffices to prove that there exists a neighborhood U ⊂ X′ of Y′ which deforms
trivially along ∆. If such a neighborhood U exists, then we will call X ′ → ∆ a Y′-locally trivial algebraic
approximation (see Definition 2.1). Based on this simple observation, the following result formulates a
general approach to finding algebraic approximations that we will follow to prove Theorem 1.1.
Proposition 1.3. — Let X be a normal compact complex variety. Assume that X has a Y-locally trivial algebraic
approximation for every subvariety Y ⊂ X whose irreducible components are of codimension at least 2. Then every
compact Kähler manifold X′ bimeromorphic to X has an algebraic approximation as well.
We refer to 2.4 for a proof of Proposition 1.3. Thus the problem of finding an algebraic approximation
of X is transformed into the problem of finding a normal bimeromorphic model X′ of X together with
Y′-locally trivial algebraic approximations of X′ for every Y′ ⊂ X′ with dimY′ ≤ dimX− 2. For a threefold
X of Kodaira dimension κ ≤ 1, such a bimeromorphic model X′ always exists.
Theorem 1.4. — Every compact Kähler threefold X with κ(X) ≤ 1 is bimeromorphic to a normal compact complex
variety X′ such that X′ has a Y′-locally trivial algebraic approximation for every subvariety Y′ ⊂ X′ with dimY′ ≤ 1.
By Proposition 1.3, Theorem 1.4 implies Theorem 1.1 for compact Kähler threefolds with κ ≤ 1. Since
κ(X) ≤ a(X)where a(X) is the algebraic dimension ofX, the threefoldswhich are not covered by Theorem 1.4
satisfy a(X) ≥ 2. For these threefolds, the existence of algebraic approximations is already a consequence
of [32, Theorem 1.1]:
Theorem 1.5 ([32]). — Every compact Kähler manifold X with a(X) = dimX − 1 has an algebraic approximation.
Thus Theorem 1.1 follows from Theorem 1.4 and [32, Theorem 1.1].
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1.3 Classification of non-algebraic compact Kähler threefolds with κ ≤ 1
The following is a list of bimeromorphic models of threefolds with κ ≤ 1 that we will choose to prove
Theorem 1.4. We also indicate the Kodaira dimensions of the threefolds that can be covered in each case.
Proposition 1.6. — A non-algebraic compact Kähler threefold X of Kodaira dimension 0 or 1 is bimeromorphic to
X˜/G where G is a finite group and X˜ a smooth compact Kähler threefold which is one of the following:
i) (κ = 1) The total space of a G-equivariant fibration f˜ : X˜ → B˜ over a smooth projective curve whose general
fiber is an abelian surface.
ii) (κ = 0 or 1) The total space of a G-equivariant smooth isotrivial fibration f˜ : X˜ → B˜ in K3 surfaces or 2-tori
where B˜ is a smooth projective curve of genus at least 1.
iii) (κ = 0) A 3-torus.
Proposition 1.7. — A non-algebraic compact Kähler threefold of Kodaira dimension −∞ is bimeromorphic to one
of the following:
i) A P1-bundle X → S over a smooth compact Kähler surface S with a(S) = 0.
ii) A P1-fibration X → S over a non-algebraic smooth compact Kähler elliptic surface.
Using the Minimal Model Program for compact Kähler threefolds [24], we will prove Proposition 1.6 in
Section 3 separately for the cases κ(X) = 0 and 1, which correspond to Proposition 3.1 and 3.3 respectively.
As a consequence of the non-vanishing conjecture, threefolds with κ = −∞ are uniruled [23, Corollary
1.4]. In 3.3, we will prove that uniruled threefolds are bimeromorphic to the P1-fibrations described in
Proposition 1.7.
The rest of the introduction is devoted to an overview of the proof of Theorem 1.4 in each of the cases
listed in Proposition 1.6 and 1.7.
1.4 Algebraic approximations of compact Kähler threefolds of Kodaira dimension 0 or 1
For a non-algebraic compact Kähler threefold X of Kodaira dimension 0 or 1, the bimeromorphic model
of X that we choose to prove Theorem 1.4 will be the quotient variety X˜/G in Proposition 1.6. So taking
Proposition 1.6 into account, the following is a reformulation of Theorem 1.4 for compact Kähler threefolds
with κ = 0 or 1.
Theorem 1.8. — A quotient variety X′ := X˜/G as in Proposition 1.6 has a C-locally trivial algebraic approximation
for every subvariety C ⊂ X′ with dimC ≤ 1.
In the first situation of Proposition 1.6, we will see that Theorem 1.8 follows readily from the following
result, which is a corollary of the main theorem of [31].
Theorem 1.9 ([31, Corollary 1.4]). — Let G be a finite group and f : X → B a G-equivariant fibration in abelian
varieties where X is a compact Kähler manifold and B a smooth projective curve. Then there exists an algebraic
approximation
X /G→ B/G × V → V
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of the quotient X/G→ B/G, which is locally trivial over B/G.
We will prove Theorem 1.8 for Case ii) and iii) of the list of Proposition 1.6 in Section 4. For Case ii),
we will first prove a more precise statement on the existence of algebraic approximations of K3 surfaces
and 2-tori, which is the following. Let Π : S → ∆ be a smooth deformation of a smooth compact Kähler
surface S. We say that Π preserves the Néron-Severi group NS(S) if the parallel transport of every class in
NS(S) under the Gauss-Manin connection remains of type (1, 1) along ∆.
Lemma 1.10. — Let S be a compact Kähler surface with ωS ≃ OS and G a finite group acting on S. Then S has a
G-equivariant algebraic approximation which is C-locally trivial for every subvariety C ( S. If, moreover, a(S) = 0,
then there exists such an algebraic approximation which preserves NS(S).
If some finite base change of f˜ is a trivial fibration (which is the case if fibers of f˜ are K3 surfaces by
Lemma 4.2), then Theorem 1.8 will be an easy consequence of Lemma 1.10. If there is no finite base change
of f˜ which is trivial, then f˜ is an isotrivial fibration in 2-tori. We will recall in 4.3 that such a fibration f˜
comes equippedwith aG-equivariant tautological family of smooth torus fibrations containing f˜ as amember
and by [14], fibrations with an étale multi-section are dense in this family. Therefore up to a finite Galois
base change, the G-equivariant tautological family
Π˜o : X˜o → B˜ × V → V
associated to f˜ contains a trivial fibration, denoted by S × B˜→ B˜. Since S is not necessarily algebraic, Π˜o is
still not an algebraic approximation of f˜ . We will then consider an algebraic approximation S → ∆ of S as
in Lemma 1.10 and construct a family (parameterized by ∆) of G-equivariant tautological families
Π˜ : X˜ → B˜ × V × ∆→ V × ∆
such that t ∈ ∆ parameterizes the G-equivariant tautological family
Π˜t : X˜t → B˜ × V → V
associated to St × B˜→ B˜. As S → ∆ is an algebraic approximation of S, Π˜t is an algebraic approximation
of X˜t for t in a dense subset of ∆. Therefore Π˜ is an algebraic approximation of X˜. This will be carried
out in the proof of Lemma 4.8 and will allow us to prove the special case of Theorem 1.8 where X˜ is a
G-equivariant smooth isotrivial fibration in 2-tori. A similar construction of the family Π˜will also allow us
to prove of Theorem 1.8 for Case iii) in 4.5.
1.5 Algebraic approximations of uniruled threefolds
For non-algebraic compact Kähler threefolds of negative Kodaira dimension, taking Proposition 1.7 into
account Theorem 1.4 can be rephrased as follows.
Theorem 1.11. — Let f : X → S be one of the fibrations listed in Proposition 1.7. There exists a deformation
Π : X → S → ∆
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of f such that Π is an f−1(C)-locally trivial algebraic approximation of X for every subvariety C ( S.
We will prove Theorem 1.11 for P1-fibrations of Case i) and ii) listed in Proposition 1.7 in Section 5
and 6, which correspond to Corollary 5.6 and Corollary 6.6 respectively. In the first case where X → S
is a P1-bundle, regarding X as the projectivization of a twisted vector bundle E of rank 2, we will prove
Theorem 1.11 by constructing instead algebraic approximations for the pair (S,E). The deformation theory
of twisted vector bundles parallels well that of the untwisted ones, so from the outset, one could argue
as if E is a vector bundle in the usual sense. Finally, suppose that we are in Case ii). Due to Kodaira, the
elliptic surface p : S→ B has an algebraic approximation coming from the tautological family [27]. We will
first recall the construction of the tautological family in 6.1 following [31], then show that such a family
can always be lifted to an algebraic approximation of X → Bwhich is locally trivial over B. This will imply
Theorem 1.11 for the second case.
1.6 Organization of the text
We will first introduce basic terminologies including various definitions of deformations of complex
spaces and maps then recall or prove some general results in Section 2. Section 3 is devoted to proofs
of Proposition 1.6 and 1.7, which give a bimeromorphic classification of non-algebraic compact Kähler
threefolds with κ ≤ 1. We will prove Theorem 1.8 in Section 4 and Theorem 1.11 in Section 5 and 6.
Assembling these results, we will finish the proof of Theorem 1.1 in Section 7.
2 Preliminaries and general results
2.1 Basic notions and terminologies
A deformation of a complex space X is a surjective and flat morphism Π : X → ∆ containing X as a
fiber. Let f : X → B be a holomorphic map. A deformation of f is a composition Π : X
q
−→ B
π
−→ ∆ where
Π and π are deformations of X and B respectively such that q|Xo : Xo → Bo equals f for some o ∈ ∆. We
say that a deformation of f preserves B (or fixes B) if in the above definition, the map π is isomorphic to the
second projection B × ∆→ ∆. We will denote such a deformation by
Π : X
q
−→ B × ∆→ ∆.
In this text, we aremainly interested in the casewhere f : X → B is a fibration, namely, a proper holomorphic
surjective map with connected fibers. The fiber f−1(b) of f over b ∈ B will often be denoted by Xb.
Let Π : X → ∆ be a deformation of a complex variety X and Y ⊂ X a subvariety of X. We say that Π
preserves Y if there exists Y ⊂ X such that Y ∩ X = Y and Y is isomorphic to Y × ∆ over ∆. Similarly, let
Π : X
q
−→ B × ∆→ ∆ be a deformation of f : X → B fixing the base and Z a subvariety of B. We say that Π
preserves Y := f−1(Z)→ Z if q−1(Z × ∆) is isomorphic to Y × ∆ over B × ∆.
LetG be a group andX a complex space endowedwith aG-action. We say that a deformationΠ : X → ∆
of X preserves the G-action (orΠ is a G-equivariant deformation of X) if there exists a G-action on X extending
the given G-action on X such that X → ∆ is G-invariant. Similarly, let f : X → B be a G-equivariant map.
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We say that a deformation Π : X
q
−→ B → ∆ of f preserves the G-action if there exist G-actions on X and
on B extending the G-action on f : X → B such that q is G-equivariant and both X → ∆ and B → ∆ are
G-invariant.
Definition 2.1 (Locally trivial deformations). —
i) A family of complex varieties Π : X → ∆ is called locally trivial if there exists an open cover {Ui} of
X such that the restriction of Π to each Ui is a trivial deformation.
ii) Let X be a complex space and C ⊂ X a subvariety of X. A deformation X → ∆ of X is called C-locally
trivial if there exists an open subset U ⊂ X (for the Euclidean topology) such that U := U ∩ X is a
neighborhood of C and U ≃ U × ∆ over ∆.
iii) In ii), let G be a group acting on a X and assume that C is G-stable. A G-equivariantly C-locally trivial
deformation of X is a C-locally trivial deformation X → ∆ of X preserving the G-action with the
additional property that U ⊂ X is G-stable and U ≃ U × ∆ is G-equivariant.
iv) A deformation Π : X
q
−→ B × ∆ → ∆ of f : X → B fixing B is said to be locally trivial over B if there
exists an open cover {Ui} of B such that q−1(Ui × ∆) ≃ f−1(Ui) × ∆ over ∆.
v) In iv), let G be a group and f : X → B a G-equivariant map. We say that Π is G-equivariantly locally
trivial over B if Π preserves the G-action and the isomorphisms q−1(Ui × ∆) ≃ f−1(Ui) × ∆ above are
G-equivariant for some G-invariant open cover {Ui} of B.
The following properties of locally trivial deformations holds trivially.
Lemma 2.2. —
i) A deformationΠ : X → ∆ of X is locally trivial if and only ifΠ is x-locally trivial for every point x ∈ X.
ii) IfΠ : X → ∆ is a smooth family, then it is locally trivial.
iii) If Π : X
q
−→ B × ∆ → ∆ is a deformation of f : X → B which is locally trivial over B, then Π : X → ∆ is a
locally trivial deformation of X.
Remark 2.3. — A locally trivial family is locally (over the base) topologically trivial by [40, Théorème 4.14].
Another obvious property about locally trivial deformations is that the quotient of a G-equivariantly
locally trivial deformation is a locally trivial deformation.
Lemma 2.4. — Let G be a finite group acting on a complex space X and let C ⊂ X be a G-stable subvariety. If
Π : X → ∆ is a G-equivariantly C-locally trivial deformation of X, then the quotient X /G → ∆ is a C/G-locally
trivial deformation of X/G. Similarly, ifΠ : X
q
−→ B×∆→ ∆ is a G-equivariantly locally trivial deformation over B
of a G-equivariant fibration f : X → B, then the quotient X /G→ (B/G)×∆→ ∆ is a deformation of X/G→ B/G
which is locally trivial over B/G.
Proof. — Wewill only prove the first statement since the second one has alreadybeenproven in [31, Lemma
2.2]. By assumption, there exists a G-stable open subset U of X containing C which is G-equivariantly
isomorphic toU×∆ over ∆whereU := U ∩X. So the open subsetU /G of X /G is isomorphic to (U/G)×∆
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over ∆. As C is a G-stable subset of U, the quotient C/G is contained in U /G, which prove that X /G→ ∆
is a C/G-locally trivial deformation of X/G. 
Now we come to the notion of algebraic approximation. Recall that a compact complex variety X is
called Moishezon if its algebraic dimension a(X) equals dimX.
Definition 2.5 (Algebraic approximation). — Let X be a compact complex variety. An algebraic approx-
imation of X is a deformation Π : X → ∆ of X such that up to shrinking ∆, the subset of points in ∆
parameterizing Moishezon varieties is dense for the Euclidean topology.
Since small deformations of Kähler manifolds remain Kähler, by Moishezon’s criterion this definition of
algebraic approximation coincides with the one introduced at the beginning of the text for compact Kähler
manifolds.
Remark 2.6. — Our definition of algebraic approximations is called "strong algebraic approximations"
in [21, Definition 2.10]. We could have defined aweaker version of algebraic approximation ofX as a family
of complex varieties π : X → B such that there exists a sequence (tn) in B parameterizingMoishezon fibers
which converge to X. To the author’s knowledge, at present there is no known example of compact Kähler
manifolds X admitting a weak algebraic approximation and without any algebraic approximation.
2.2 G-equivariant locally trivial deformations
The following lemma shows that if a G-equivariant deformation of a complex manifold is C-locally
trivial for some G-stable subvariety C, then it is G-equivariantly C-locally trivial.
Lemma 2.7. — Let X be a complex manifold and G a finite group acting on X. Let C be a G-stable subvariety of
X and let Π : X → ∆ be a deformation of X which is G-equivariant and C-locally trivial. Then up to shrinking ∆,
Π : X → ∆ is G-equivariantly C-locally trivial.
The proof of Lemma 2.7 is inspired by the proof of [21, Proposition 6.2]. Before proving Lemma 2.7, let
us first prove a technical lemma.
Lemma 2.8. — Let G be a finite group acting on a complex manifold X and let Π : X → ∆ be a G-equivariant
deformation of X. Let V ⊂ X be an open subset such that there exists an isomorphism V ≃ V × ∆ over ∆ where
V := V ∩ X. Let
V G :=
⋂
1∈G
1(V ).
Then for every G-stable relatively compact subset U ⊂ VG := V G ∩X, up to shrinking ∆ there exists a G-stable open
subset U of V G such that U ∩ X = U and that U is G-equivariantly isomorphic to U × ∆ over ∆.
Proof. — Wemay assume thatVG , ∅. SinceV G is open by finiteness ofG, after shrinking ∆we can assume
that the restriction of Π to V G is surjective. For simplicity, we will only prove Lemma 2.8 for dim∆ = 1;
the same argument can be adapted easily to arbitrary dimension.
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Up to shrinking ∆, we assume that ∆ is isomorphic to the open unit disc B(0, 1) ⊂ C such that 0
parameterizes the central fiber X. Fix a generator ∂∂t of the space of constant vector fields Γ(∆,T∆)const ≃ C
on ∆. For z ∈ C, let z ∂∂t ∈ Γ(∆,T∆)const denote the corresponding vector field.
By identifying V G with a subset of V × ∆ through the isomorphism V ≃ V × ∆, we can define the
homomorphism of Lie algebras
ξ : C→ Γ(V G,TV G)
z 7→
∑
1∈G
1∗
(
χ(z)|V G
)
,
(2.1)
where χ(z) is the vector field on V × ∆ which projects to z ∂∂t in ∆ and to 0 in V. By [26, Satz 3] (see also [21,
Theorem 4.3]), there exists a local group action
Φ : Θ→ V G
of C on V G inducing ξ, where Θ ⊂ C × V G is a neighborhood of {0} × V G. We recall that the meaning of a
local group action is the following:
i) For all x ∈ V G, the subset Θ ∩ (C × {x}) is connected.
ii) Φ(0, •) is the identity map on V G.
iii) Φ(1h, x) = Φ(1,Φ(h, x)) whenever it is well-defined.
iv) The morphism of Lie algebras C→ Γ(V G,TV G) induced by Φ coincides with ξ.
Since the vector field ξ(z) is G-invariant for all z ∈ C by construction, the map Φ is also G-equivariant
(where G acts trivially on C). Also since G acts on V G → ∆ in a fiber-preserving way, the projection of ξ(z)
in Γ(V G,Π∗T∆) is a constant vector field equal to |G| · z ∂∂t . Hence if Φ∆ denotes the local group action of C
on ∆ defined by
Φ∆ : (IdC ×Π)(Θ)→ ∆
(x, b) 7→ b + |G| · x
then we have the following commutative diagram.
Θ V G
(IdC ×Π)(Θ) ∆
Φ
Π
Φ∆
(2.2)
By the relative compactness of U inside VG, there exists ε > 0 such that
U := B(0, ε) ×U ⊂ Θ.
The restriction of Φ to U is isomorphic onto its image. We verify easily with the help of (2.2) and the
properties ii) and iii) that the inverse of Φ : U→ Φ(U) is
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Ψ : Φ(U)→ U
v 7→
(
Π(v)
|G|
,Φ
(
−
Π(v)
|G|
, v
))
.
Let
U := Φ
(
B
(
0,
ε
|G|
)
×U
)
⊂ V G.
We haveU := U ∩X by ii) and up to replacing ∆ by B(0, ε), we have thus by construction an isomorphism
∆ ×U
∼
−→ U
(t, x) 7→ Φ
( t
|G|
, x
)
,
over ∆, which is moreover G-equivariant since U is G-stable and Φ is G-equivariant. 
Proof of Lemma 2.7. — By the C-local triviality of the deformation Π : X → ∆, there exists an open subset
V ⊂ X isomorphic to V × ∆ over ∆ such that V := V ∩ X contains C. Since C is G-stable and since
V G :=
⋂
1∈G 1(V ), being a finite intersection, is an open subset of X , it follows that V
G := V G ∩ X is a
G-stable neighborhood of C. Let U ⊂ VG be a G-invariant neighborhood of C which is relatively compact
in VG. Applying Lemma 2.8 to V and to U, we deduce that up to shrinking ∆, there exists a G-stable open
subset U ⊂ V G containing Cwhich is G-equivariantly isomorphic to U × ∆ over ∆. 
2.3 Campana’s criterion
Let X be a complex variety. We say that X is algebraically connected if a general pair of points x, y ∈ X is
contained in a compact connected (but not necessarily irreducible) curve of X. By definition, a compact
complex variety X is in the Fujiki class C if it is dominated by a compact Kähler manifold. We have the
following criterion due to Campana for such a variety to beMoishezon in terms of algebraic connectedness.
Theorem 2.9 (Campana [12, Corollaire on p.212]). — Let X be a compact complex variety in the Fujiki class C .
Then X is Moishezon if and only if X is algebraically connected.
Together with Moishezon’s criterion, Theorem 2.9 implies that a compact complex manifold X is projec-
tive if and only if X is Kähler and algebraically connected.
Since we will mainly deal with fibrations f : X → B with either dimB = 1 or dimF = 1 where F denotes
a general fiber of f , we states some variants of Campana’s criterion in these particular situations.
Corollary 2.10 (Special case of Campana’s criterion). — Let f : X → B be a fibration over aMoishezon variety
(e.g. a projective curve). Assume that X is in the Fujiki class C and a general fiber of f is Moishezon, then X is
Moishezon if and only if f has a multi-section.
Corollary 2.10 implies the following.
Corollary 2.11. — Let X be a non-algebraic compact complex variety in the Fujiki classC and f : X → B a fibration
over a curve with Moishezon fibers. Let Π : X → B × ∆→ ∆ be a deformation of f which is locally trivial over B.
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Then for every subvariety C ⊂ X with dimC ≤ 1, the underlying family X → ∆ is a C-locally trivial deformation
of X.
Proof. — Since X is non-algebraic and since the base and the fibers of f are algebraic, every subvariety
C ⊂ X with dimC ≤ 1 is contained in a finite number of fibers of f by Corollary 2.10. AsΠ is locally trivial
over B, the underlying deformation X → ∆ is necessarily C-locally trivial. 
Corollary 2.12 (Special case of Campana’s criterion). — Let f : X → B be a P1-fibration. Assume that X is in
the Fujiki class C and B is projective. Then X is Moishezon.
Proof. — For every curve C ⊂ B, since XC := f−1(C) is a uniruled surface, XC is algebraic. As B is
algebraically connected, it follows that X is also algebraically connected. Therefore X is Moishezon by
Theorem 2.9. 
2.4 General approaches proving the existence of algebraic approximations
In this paragraphwewill prove Proposition 1.3, which formulates a general approach to finding algebraic
approximations mentioned in the introduction. Before we start the proof, let us first show that if a complex
variety Y has a C-locally trivial deformation where C ⊂ Y is a subvariety, then it induces a deformation of
a bimeromorphic morphism X → Y whose fundamental locus is contained in C.
Lemma 2.13. — Let f : X → Y be a map between complex varieties and assume that there exists a subvariety
C ⊂ Y such that f maps X\ f−1(C) isomorphically to Y\C. Then every C-locally trivial deformation π : Y → ∆ of Y
induces a deformation X → Y → ∆ of f .
Proof. — By assumption, we can find a subset C ⊂ Y with C ∩ Y = C and a neighborhood U ⊂ Y of C
such that there exists an isomorphism of the pairs
(U ,C ) ≃ (U × ∆,C × ∆) (2.3)
over ∆ where U := Y ∩U . So we can write
Y ≃ ((Y \C ) ⊔ (U × ∆)) / ∼
where ∼ glues the two pieces of the union using (2.3). Since f maps X\ f−1(C) isomorphically to Y\C, (2.3)
also induces an isomorphism
U \C ≃ f−1(U\C)× ∆ (2.4)
over ∆. Define
X :=
(
(Y \C ) ⊔ ( f−1(U) × ∆)
) /
∼
where ∼ glues the two pieces of the union using (2.4). The map F : X → Y over ∆ obtained by gluing
Id : Y \C → Y \C and f × Id∆ : f−1(U) × ∆→ U × ∆ is a deformation of f . 
Proof of Proposition 1.3. — Let τ : Xd X′ be a bimeromorphic map and
X Z X′
ην (2.5)
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a resolution of τwith Z smooth. If E ⊂ Z denotes the exceptional locus of ν, then the normality ofX implies
that dim ν(E) ≤ dimX − 2. By assumption, X has a ν(E)-locally trivial algebraic approximation π : X → ∆.
Since ν−1
|X\ν(E) is an isomorphism onto its image, by Lemma 2.13 there exists a deformation Z → ∆ of Z and
a map Z → X over ∆whose restriction to the central fiber is ν : Z→ X. As η : Z → X′ is a bimeromorphic
morphism of compact complex manifolds, up to shrinking ∆ the deformation Z → ∆ of Z induces a
deformation Z → X ′ of η over ∆ [37, Theorem 2.1]. So we have a correspondence X ← Z → X ′,
which is a deformation of (2.5). Since X → ∆ is an algebraic approximation of X, X ′ → ∆ is an algebraic
approximation of X′. 
Finally, we have the following infinitesimal criterion for the existence of algebraic approximations, which
is a consequence of the density criterion [41, Proposition 5.20] due to M. Green.
Theorem 2.14 (Green [7, Proposition 1]). — Let X be a compact Kähler manifold andΠ : X → B a deformation
of X over a (connected) complex manifold. If there exists [ω] ∈ H1(X,Ω1X) such that the composition
µ[ω] : TB,b H1(X,TX) H2(X,TX ⊗ΩX) H2(X,OX)
KS ⌣[ω]
of the Kodaira-Spencer map at b := Π(X) with the contraction by [ω] is surjective, then Π : X → B is an algebraic
approximation of X.
3 Bimeromorphic models of non-algebraic compact Kähler threefolds
The aim of this section is to prove Proposition 1.6 and Proposition 1.7, which classify non-algebraic
threefolds with κ ≤ 1. Using the minimal model program (MMP), we will prove Proposition 1.6 separately
for the cases κ(X) = 0 and 1, which correspond to Proposition 3.1 and 3.3 respectively. For threefolds
with κ = −∞, we will first show that they are bimeromorphic to P1-fibrations. By Sarkisov’s theorem
(see Proposition 3.8), these P1-fibrations are further bimeromorphic to standard conic bundles and we will
derive Proposition 1.7 as a consequence of it.
The reader is referred to [24] for a survey of the MMP for Kähler threefolds. Let X be a compact Kähler
threefold with non-negative Kodaira dimension κ(X). By running the MMP on X, we obtain a Q-factorial
bimeromorphic modelXmin ofXwith at worst terminal singularities (which are isolated because dimX = 3)
whose canonical divisor KXmin is nef. Such a variety Xmin is called a minimal model of X. By the abundance
conjecture, which is known to be true for Kähler threefolds [11], there exists m ∈ Z>0 such that O(mKXmin) is
base-point free. The surjective map f : Xmin → B defined by the linear system |mKXmin | is called the canonical
fibration of Xmin and a general fiber F of f satisfies O(mKF) ≃ OF by the adjunction formula.
3.1 Non-algebraic compact Kähler threefolds with κ = 0
We start with a description of the minimal models of non-algebraic compact Kähler threefolds with
κ = 0.
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Proposition 3.1. — Let X be a non-algebraic compact Kähler threefold with κ(X) = 0 and let Xmin be a minimal
model of X. Then Xmin = X˜/G where G is a finite group and X˜ is either a 3-torus or the product of a K3 surface S
and an elliptic curve E. In the latter case, the projection p : S × E→ E is G-equivariant.
Proof. — Since κ(X) = 0, as a consequence of the abundance conjecture (known to be true for compact
Kähler threefolds [11, Theorem 1.1]), there exists m ∈ Z>0 such that O(mKXmin) ≃ OXmin . Let π : X˜min → Xmin
be the index 1 cover of Xmin: this is a finite cyclic cover étale over X\Sing(X) such that ωX˜min ≃ OX˜min [28, p.
159]. Since Xmin has at worst terminal singularities, by [28, Corollary 5.21 (2)] X˜min has at worst terminal
singularities aswell. AsX is assumed to be non-algebraic, by [21, Theorem 4.1] X˜min is smooth. Thus by the
Beauville-Bogomolov decomposition theorem [6, Théorème 1], there exists a finite étale cover X′ → X˜min
such that X′ is either a 3-torus or a product of a K3 surface and an elliptic curve (as X′ is non-algebraic, X′
cannot be a Calabi-Yau threefold).
Let τ : X′ → Xmin denote the composition of X′ → X˜min with π, which is étale over Xmin\Sing(Xmin). Let
X˜◦ → X′\Z→ Xmin\Sing(Xmin)
be the Galois closure of τ|X′\Z where Z := τ−1(Sing(Xmin)) and let
G := Gal
(
X˜◦/(Xmin\Sing(Xmin))
)
.
Since Sing(Xmin) is a finite set of points, so is Z and therefore we have π1(X′\Z) ≃ π1(X′). It follows that
X˜◦ → X′\Z extends to X˜ → X′ which is the finite étale cover associated to the subgroup
Gal
(
X˜◦/(X′\Z)
)
⊂ π1(X′\Z) ≃ π1(X′).
The variety X˜ is still a 3-torus or a product of a K3 surface with an elliptic curve. As X˜\X˜◦ is a set of isolated
points, the G-action on X˜◦ extends to a meromorphic G-action on X˜. Since the G-action is defined over Xmin
and X˜ → Xmin is a finite map between normal varieties, the G-action on X˜ is holomorphic and X˜/G = Xmin.
Finally, if X˜ = S × E where S is a K3 surface and E an elliptic curve, then since S cannot dominate E
(because h0,1(S) < h0,1(E)), the G-action on X˜ preserves the fibers of the projection p : S × E→ E. Hence p is
G-equivariant with the induced G-action on E. 
Remark 3.2. — The group G in Proposition 3.1 acts freely outside of a finite subset of X˜. Also, when X˜ is
a product of a K3 surface and an elliptic curve, we will see in Lemma 4.3 that the G-action is diagonal.
3.2 Non-algebraic compact Kähler threefolds with κ = 1
The following proposition describes the structure of the canonical fibration of a non-algebraic compact
Kähler threefold X with κ(X) = 1.
Proposition 3.3. — Let X be a non-algebraic compact Kähler threefold with κ(X) = 1. Let Xmin be a minimal model
of X and Xmin → B the canonical fibration of Xmin. Then B is a smooth projective curve and Xmin → B satisfies one
of the following.
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i) If a general fiber F of Xmin → B is algebraic, then Xmin → B is bimeromorphic to the quotient by a finite group
G of a G-equivariant fibration f˜ : X˜ → B˜ such that X˜ is smooth and a general fiber of f˜ is an abelian surface.
ii) If F is not algebraic, then F is either a K3 surface or a 2-torus, and there exists a finite Galois cover B˜ → B of
B with 1(B˜) ≥ 1 and a smooth isotrivial fibration X˜ → B˜ whose total space X˜ is bimeromorphic to Xmin ×B B˜
over B˜. Moreover, there is a G := Gal(B˜/B)-action on X˜ such that the bimeromorphic map X˜ d Xmin ×B B˜ is
G-equivariant.
Let us first recall and prove some results concerning fibrations in non-algebraic K3 surfaces or 2-tori,
starting with the following result of Campana.
Theorem 3.4 (Campana [10]). — Let f : X → B be a fibration. Assume that X is a compact Kähler manifold and
a general fiber F of f is a K-trivial surface. If F is non-algebraic, then f is isotrivial.
Given a fibration f : X → B as in Theorem 3.4, the next lemma shows that up to base changing f by a
cyclic cover of B, f is bimeromorphic to a smooth fibration.
Lemma 3.5. — Let f : X → B be a fibration from a compact Kähler manifold X to a smooth curve. Assume that
a general fiber of f is a non-algebraic K-trivial surface (i.e. a K3 surface or a 2-torus), then there exists a (ramified)
cyclic cover r : B˜→ B and a bimeromorphic modification
X ×B B˜ X˜
B˜
f˜
(3.1)
along fibers of X×B B˜→ B˜ such that f˜ is a smooth isotrivial fibration. Moreover, there exists a G := Gal(B˜/B)-action
on X˜ such that f˜ and the bimeromorphic map X ×B B˜d X˜ are G-equivariant.
Wewill use Kulikov models in the proof of Lemma 3.5, which we recall now. A degeneration of surfaces
is a flat family π : X → ∆ of complex compact surfaces over a disc ∆ which is smooth over ∆⋆ := ∆ − {o}.
By the semi-stable reduction theorem, there exists a finite cyclic cover r : ∆ → ∆ ramified only at o such
that the base-change of π : X → ∆ by r is a semi-stable degeneration π′ : X′ → ∆ up to a bimeromorphic
modification of the central fiber. If the canonical line bundles of the smooth fibers of π are trivial, then by
Kulikov-Persson-Pinkham’s theorem [29, 36] we can further assume that KX′ is trivial. Such a degeneration
π′ : X′ → ∆ is also called a Kulikov model of π. The classification of the central fiber of π′ under this
assumption implies the following result.
Theorem 3.6 (Persson, Kulikov [16, p.11]). — Let π : X → ∆ be a degeneration of K3 surfaces or complex tori.
The central fiber of a Kulikov model of π is either a smooth surface or a union of uniruled surfaces.
Proof of Lemma 3.5. — Let Σ ⊂ B be the finite subset of B parameterizing singular fibers of f and suppose
that Σ , ∅. For each p ∈ Σ, there exists a finite cyclic cover ∆˜p → ∆p of a small disc ∆p ⊂ B around p such
that X×B ∆˜p → ∆˜p admits a bimeromorphic modification X×B ∆˜p d X˜p along the central fiber to a Kulikov
model fp : X˜p → ∆˜p.
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Suppose that fp is not smooth. Then by Theorem 3.6, the central fiber Fp of fp is a union of uniruled
surfaces ∪iSi. Let F be a general fiber of fp. Consider the map ı : F ֒→ X˜p → X which induces by pullback
ı∗ : H2(X,C)→ H2(X˜p,C)→ H2(F,C). (3.2)
Since fp is proper, by [25, Theorem III.6.2]we haveH2(X˜p,C) ≃ H2(Fp,C), andmorphism (3.2) withH2(X˜p,C)
replaced with H2(Fp,C) is a composition of morphisms of mixed Hodge structures. As F is smooth, we
have the factorization
ı∗ : H2(X,C)→ GrW0 H
2(Fp,C)→ H2(F,C)
whereGrW0 H
2(Fp,C) =W0H2(Fp,C)/W−1H2(Fp,C) denotes the zerothgradedpiece of theweight filtration on
H2(Fp,C). Since GrW0 H
2(Fp,C) equals the image ofH2(Fp,C) in ⊕iH2(S˜i,C) where S˜i is a desingularization of
Si and since p1(S˜i) = 0, we deduce that the underlying Hodge structure ofW0H2(Fp,C), and hence of Im(ı∗),
has trivialH2,0-part. The latter contradicts [10, Proposition 2.1]which implies that ı∗ : H0(X,Ω2X)→ H
0(F,Ω2F)
is non-zero. Therefore fp is smooth for all p ∈ Σ.
Now let rp be the degree of ∆˜p → ∆p and d := lcmp∈Σ(rp). Up to addingmore points toΣ, the fundamental
group π1(B⋆) is a free group where B⋆ := B\Σ and for each p ∈ Σ, the loop around p is non-trivial in π1(B⋆).
By Riemann’s existence theorem there exists a finite cover r : B˜ → B of degree d whose restriction to a
neighborhood of p is a cyclic cover ramified at p. Replacing fibers ofX×B B˜→ B˜ over r−1(Σ) by their Kulikov
models, we obtain a smooth fibration f˜ : X˜ → B˜which is a bimeromorphic modification of X ×B B˜→ B˜.
The Galois group G = Gal(B˜/B) acts naturally on X ×B B˜, which induces a bimeromorphic G-action
on X˜ via the bimeromorphic map X ×B B˜ d X˜. The G-action is biholomorphic over B˜⋆, so to show that
the G-action on X˜ is biholomorphic, it suffices to show that for each p ∈ Σ ⊂ B and a simply connected
neighborhood ∆ of p, the G-action on f˜−1(∆˜⋆) extends to f˜−1(∆˜) where ∆˜ := r−1(∆) and ∆˜⋆ := ∆˜ ∩ B˜⋆. As
f˜−1(∆˜) ≃ F × ∆˜, the G-action on X ×B B˜ induces a meromorphic map
Φ : G × ∆˜d Autc(F)
(1, t) 7→
(
x 7→ pr1(1(x, t))
)
,
(3.3)
which is well-defined for t ∈ ∆˜⋆ where pr1 : F × ∆˜ → F is the first projection and Aut
c(F) is the connected
component of Aut(F) containing Φ(1, t) for some t ∈ ∆˜⋆. According to whether F is a K3 surface of a 2-torus,
Autc(F) is either a point or F. So in both case Φ is in fact holomorphic. Therefore the G-action on X˜ is
holomorphic, and by construction, the bimeromorphic map X ×B B˜d X˜ and f˜ are G-equivariant. 
Proof of Proposition 3.3. — Since Xmin has only isolated singularities, a general fiber F of f : Xmin → B is a
connected smooth surface. As KF is torsion, the classification of compact complex surfaces shows that F
is either a K3 surface, an Enriques surface, a 2-torus, or a bielliptic surface. Since X is non-algebraic, Xmin
is also non-algebraic. So if F is algebraic then F is irregular by [19, Proposition 7]. Thus F is an abelian
surface or a bielliptic surface. Suppose that F is a bielliptic surface. AsO(mKXmin) = f
∗L for some sufficiently
divisible positive integer m and some very ample line bundle L over B, some section of O(mKXmin) defines
a cyclic cover X˜ → Xmin of degree m branched along smooth fibers. Moreover since KXmin |F ≃ KF and mKF
is trivial where F is a general fiber of f , the pre-image of F under the covering map is a disjoint union of
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abelian surfaces. So a general fiber of the Stein factorization X˜ → B˜ of the composition X˜ → Xmin → B is
an abelian surface. The cyclic group G of order m acts on X˜ and induces a G-action on B˜ such that X˜ → B˜
is G-equivariant. Up to replacing X˜ by a minimal G-equivariant desingularization of it [1], we can assume
that X˜ is smooth. By construction, the quotient of X˜ → B˜ by G is bimeromorphic to f : Xmin → B, which
proves i)
Assume that F is not algebraic, then F is either a K3 surface or a 2-torus and by Theorem 3.4, the fibration
Xmin → B is isotrivial. By Lemma 3.5, there exists a cyclic (in particular Galois) cover B˜ → B of B and a
smooth isotrivial fibration f˜ : X˜ → B˜ all of whose fibers are isomorphic to F, such that X˜ is bimeromorphic to
Xmin ×B B˜ over B˜. Moreover, the bimeromorphic map Xmin ×B B˜d X˜ induces a holomorphic G := Gal(B˜/B)-
action on X˜ such that f˜ is G-equivariant. Up to replacing B˜ → B by a further Galois base change, we may
assume that 1(B˜) ≥ 1 
3.3 Uniruled threefolds and standard conic bundles
The following result together with its proof is well-known, which we recall for the sake of completeness.
Lemma 3.7. — A non-algebraic compact Kähler threefold X with κ(X) = −∞ is bimeromorphic to a P1-fibration.
Proof. — By [23, Corollary 1.4], X is uniruled; let X′ → S be a resolution of the MRC fibration of X where
both X′ and S are compact Kähler manifolds. We claim that dimS = 2. Indeed, since X is uniruled, we
have dimS ≤ 2. If dimS = 0, then X is rationally connected, so X would already be algebraic. If dimS = 1,
then since a general fiber of X′ → S does not have any global holomorphic 1-form nor 2-form, we have
H0(X′,Ω2X′) = 0. So X would also be algebraic in this case. Therefore dimS = 2, which implies that X
′ → S
is a P1-fibration. 
Given an algebraic P1-fibration f : X → B, Sarkisov proved that it is always birational to a standard
conic bundle [38, Proposition 1.13]. We will first extend Sarkisov’s theorem to non-algebraic P1-fibrations
under the assumption that dimB = 2 then prove Proposition 1.7 at the end.
First we fix some terminology. A conic bundle is a P1-fibration f : X → B such that f = π|X where
π : P(E ) → B is the projectivization of a locally free sheaf E of rank 3 and X the zero locus of a non-
trivial section σ ∈ H0
(
P(E ),OP(E )(2) ⊗ π∗L
)
for some invertible sheaf L on B. The section σ defines
a map σ : E → E ∨ ⊗ L , and induces det σ : det(E ) → det(E )∨ ⊗ L ⊗3. The divisor D defined by
det σ ∈ H0(det(E ∨)⊗2 ⊗L ⊗3) is called the discriminant locus of the conic bundle f . As a set, this is the locus
where the quadratic form defined by the restriction of σ to the fibers of S2E ∨ ⊗L does not have maximal
rank. A flat conic bundle f : X → B is called standard if the discriminant locus of f is a simple normal
crossing divisor and X and B are compact complex manifolds with ρ(X) = ρ(B) + 1.
A flat P1-fibration f : X → B with X and B assumed to be smooth is an example of conic bundles: By
flatness of f , which implies the vanishing of R1 f∗OX [4, Corollary III.11.2], the sheaf E := ( f∗ω∨X)
∨ is locally
free of rank 3. Since ω∨X is relatively very ample, ω
∨
X defines an embedding X ֒→ P(E ) and X ∩ P(Eb) is
a curve of degree 2 in P(Eb). So X is the zero locus of a section σ ∈ H0
(
P(E ),OP(E )(2) ⊗ π∗L
)
for some
invertible sheaf L on B.
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Proposition 3.8 (cf. Miyanishi [34, Theorem on p.89] or Sarkisov [38, Proposition 1.13])
Let f : X → B be a P1-fibration over a compact complex surface B. There exists a commutative diagram
X X′
B B′
f
∼
f ′
∼
where the horizontal arrows are bimeromorphic maps and f ′ : X′ → B′ is a standard conic bundle.
Remark 3.9. — When B is a projective surface, Proposition 3.8was alreadyproven in [34, Theoremon p.89]
byMiyanishi andZagorskih. In [38], Sarkisov proved a similar statement for any complete algebraic variety
B. In the complex analytic setting, the assumption dimB = 2might be superfluous. This assumption is used
in the proof of Proposition 3.8 to first find a conic bundle (over a compact base) which is bimeromorphic
to the original one. Once we obtain a conic bundle bimeromorphic to f : X → B, the rest of the argument
follows mutatis mutandis from the proof of Sarkisov’s theorem mentioned above.
Proof of Proposition 3.8. — Up to base-changing f with a desingularization of B and resolving the singular-
ities, we can assume that both X and B are smooth. Let E := ( f∗ω∨X)
∨∨. Since B is a smooth surface and E is
reflexive, E is in fact locally free. Let B◦ ⊂ B be a nonempty Zariski open over which the fibration f is flat,
then ( f∗ω∨X)|B◦ is already locally free so X
◦ := f−1(B◦) is the zero locus of a section
σ◦ ∈ H0
(
P(E|B◦),OP(E )(2) ⊗ π∗L
)
having a meromorphic extension to P(E ), where π : P(E ) → B is the projection and L is some invertible
sheaf over B. Therefore up to replacing L by L ⊗ O(D) for some divisor D with support in B\B◦, the
closure X◦ of X◦ in P(E ) is the zero locus of some section
σ ∈ H0
(
P(E ),OP(E )(2) ⊗ π∗L
)
.
As X◦ is bimeromorphic to X over B, up to replacing X by X◦ we can assume that f : X → B is a conic
bundle embedded into P(E ).
Starting from the conic bundle f : X → B which is embedded in P(E ), the rest of the proof is almost the
same as the proof of [38, Proposition 1.13] or [34, Theorem on p.89]. We shall only provide an outline and
refer to loc. cit. (1) for details.
For each point o ∈ B, we can find a neighborhood U ⊂ B of o and local coordinates
(x ∈ U; [X0 : X1 : X2] ∈ P(Ex))
of P(E|U) such that the restriction of σ to U viewed as a family of quadratic forms is of the form a0(x)X20 +
a1(x)X21 + a2(x)X
2
2. Let Zi ⊂ B denote the locus where σ is of rank i. Since X is irreducible, if Z0 , ∅ then
dimZ0 = 0. Up to replacing X with the strict transformation of X in P(E ′) for some vector bundle E ′ over
1. N.B. The terminology used in [38] is different from ours. In [38], P1-fibrations are called conic bundles and conic bundles are
called embedded conic bundles.
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the blow-up ν : B′ → B of B along Z0 such that E ′|B′\ν−1(Z0) ≃ E|B\Z0 , we can assume that Z0 = ∅ (cf. [34, page
90]).
Let C ⊂ B be the discriminant divisor of f . Up to base-changing f : X → B with a log-resolution of the
pair (B,C), we can assume that C is a normal crossing divisor. By performing elementary transformations
of f : X → B along the non-reduced irreducible components of C, we can further assume that C is reduced
(cf. [38, Lemma 1.14] or [34, page 90 and 91]). Therefore locally around a point o ∈ C\Sing(C) (resp.
o ∈ Sing(C)), there exist local coordinates (u, v) in which σ is of the formX20+uX
2
1+X
2
2 (resp. X
2
0+uX
2
1+vX
2
2).
Accordingly Z1 = Sing(C) and Z2 = C\Sing(C), so we can conclude by [38, Corollary 1.11] that f is flat and
X is smooth.
It remains to show that f : X → B can be contracted to a standard conic bundle. Suppose that C′ ⊂ C
is an irreducible component of C such that XC′ := f−1(C′) is reducible, then C′ ∩ Sing(C) = ∅. Indeed, if
o ∈ C′ ∩ Sing(C), then as we can see from the local expression of σ above, the monodromy action around
o ∈ C′ on the double cover of C′\Sing(C) parameterizing lines in the fibers of f exchanges the two lines in
f−1(p) for every p ∈ C′, so the total space XC′ would be irreducible. The divisor XC′ has two irreducible
components E1 and E2: both E1 and E2 are ruled surfaces over C′, and E1 ∩ E2 is a section of both E1 → C′
and E2 → C′. It follows that F · E1 = −1 where F is a fiber of E1 → C′. So one can blow down the divisor E1
in X to a curve isomorphic to C′ [17, Theorem 2] and obtain a new conic bundle which is smooth along the
smooth curve C′ ⊂ B as C′ ∩ Sing(C) = ∅. After contracting all such ruled surfaces in the same way, we will
obtain a conic bundle f : X → B satisfying ρ(X) = ρ(B) + 1. 
Over a compact Kähler surface of algebraic dimension 0, a standard conic bundle is always smooth.
Proposition 3.10. — If f : X → S is a standard conic bundle over a smooth compact Kähler surface of algebraic
dimension a(S) = 0, then it is a P1-bundle (namely, a smooth P1-fibration).
Proof. — Let Smin be the minimal model of S. As a(Smin) = 0, there exists only finitely many curves in Smin
and the union of curves in Smin has normal crossings and is a disjoint union of trees of (−2)-curves. Since
S is a sequence of blow-ups of Smin, the union of curves in S is also a normal crossing divisor and the dual
graph of which is still a disjoint union of trees. So the connected components of the discriminant locus C
of f : X → S are also trees. If C is irreducible, then C ≃ P1 and every fiber of f over C is a union of two
P1 meeting transversally at one point. So f−1(C) would be irreducible, which contradicts [34, Lemma 4.5].
Therefore if C , ∅, then C is reducible. In this case, since C is a disjoint union of trees, it would contain an
irreducible component C′ meeting the closure of C\C′ in C in less than one point, which is in contradiction
with [39, Proposition 3.1]. Hence C = ∅. 
Proof of Proposition 1.7. — By Lemma 3.7, a non algebraic compact Kähler threefoldwith κ = −∞ is bimero-
morphic to a P1-fibration X → S. Since X is non-algebraic, by Corollary 2.12 S is non-algebraic as well (so
a(S) = 0 or 1). If a(S) = 0, then since we can further assume that f : X → S is a standard conic bundle by
Proposition 3.8, we can conclude by Proposition 3.10 that X is bimeromorphic to a P1-bundle. If a(S) = 1,
then S is an elliptic surface. 
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4 Smooth isotrivial fibrations in K-trivial surfaces and 3-tori
In this section we will prove Theorem 1.8. As we will mention in the proof of Theorem 1.8 at the end of
Section 4, Theorem 1.8will already follow fromTheorem 1.9 for Case i) in the list of Proposition 1.6. Wewill
then focus on Case ii) and iii). Let us start with deformations of K-trivial surfaces and prove Lemma 1.10
stated in the introduction.
4.1 Surfaces with a finite group action
Proof of Lemma 1.10. — Since S is smooth, every small deformation of S is locally trivial. So it suffices to
prove the existence of a G-equivariant algebraic approximation of S which is C-locally trivial for every
C ⊂ S of pure dimension 1. We can assume that S is non-algebraic and according to whether a(S) = 0 or 1,
two situations can happen:
1. a(S) = 0: the only curves in S are A-D-E curves, and there are only finitely many;
2. a(S) = 1: S is an elliptic fibration f : S → B and the G-action sends fibers to fibers.
In the second situation, Lemma 1.10 follows from Theorem 1.9 and Corollary 2.11.
From now on, we assume that a(S) = 0. Let C be the (finite) union ∪i∈ICi of all the irreducible curves
in S. It suffices to construct a G-equivariant and C-locally trivial algebraic approximation of S. Note
that since H2(S,Z)G is a sub-Hodge structure of H2(S,Z) of weight 2, if the G-action does not preserve the
holomorphic symplectic form, then H2(S,Z)G is concentrated in bi-degree (1, 1). In particular H2(S,Q)G is
dense in H1,1(S)G ∩H2(S,R). As the intersection of H1,1(S)G with the Kähler cone KS ⊂ H2(S,C) is not 0, we
can find a Kähler class H2(S,Z)G, which is in contradiction with the hypothesis that S is non-algebraic. So
the G-action preserves the holomorphic symplectic forms of S, and the contraction TS → Ω1S with one of
these forms yields an isomorphism
σ : H1(S,TS)G
∼
−→ H1(S,Ω1S)
G.
Since the universal deformation space U of S is smooth, its locus preserving the G-action can be
identified with an open subset of H1(S,TS)G [21, Proposition 6.1]. By the local Torelli theorem, the period
map P is a local isomorphism, so we can further identify U with an open subset of H1(S,ΩS)G through
dP = σ : H1(S,TS)G
∼
−→ H1(S,ΩS)G. Under this identification, the universal deformation space of S
preserving the G-action and NS(S) is identified with an open subset ∆ of
V := H1(S,Ω1S)
G ∩NS(S)⊥
where the orthogonality is defined with respect to the cup product on H1(S,Ω1S). Also, given a Kähler class
[ω], the map µ[ω] defined in Theorem 2.14 for the family S → ∆ has the following factorization
µ[ω] : T∆,o ⊂ H1(S,TS)G H1(S,Ω1S)
G H2(S,Ω2S) ≃ H
2(S,OS).
σ ⌣[ω] (4.1)
with σ(T∆,o) = V.
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AsNS(S) is negativewith respect to the cup-product, by theHodge index theorem there exists v ∈ NS(S)⊥
such that v2 > 0. Up to replacing v with
∑
1∈G 1
∗v, we can assume that v is G-invariant, so v ∈ V. If [ω] is a
Kähler class, then again by the Hodge index theorem we have v · [ω] , 0. Using (4.1), it follows that since
h2(S,OS) = 1, the map µ[ω] defined in Theorem 2.14 for the deformation S → ∆ of S is surjective. Therefore
by Theorem 2.14, S → ∆ is an algebraic approximation of S.
It remains to show that S → ∆ is a C-locally trivial deformation of S. Since S → ∆ preserves NS(S),
the curve classes [Ci] ∈ H2(S,C) remains of type (1, 1) under the parallel transports by the Gauss-Manin
connection along ∆. So S → ∆ induces for each i, a deformation (S ,Ci) → ∆ of the pair (S,Ci). Let us
decompose C = ⊔mi=1C
′
i into its connected components and let C
′
i ⊂ C → ∆ be the deformation of C
′
i . Since
C′i is a tree of P
1 intersecting transversally, up to shrinking ∆ each fiber of C ′i → ∆ is still a tree of P
1 with the
same A-D-E configuration. As the holomorphic structure of a neighborhood of an A-D-E curve depends
only on the A-D-E configuration, it follows that S → ∆ is a C-locally trivial deformation. 
For later use (in Section 5), let us prove a related result about deformations of compact Kähler surfaces
of algebraic dimension 0.
Lemma 4.1. — Let S˜ be a smooth compact Kähler surface with a(S˜) = 0 and let η : S˜ → S be the map from S˜ to its
minimal model. Let C (resp. C˜) be the union of all the curves in S (resp. S˜), which consists of only finitely many
irreducible components. Then every C-locally trivial deformationΠ : S → ∆ of S can be lifted to a deformation
Π˜ : S˜
η˜
−→ S → ∆
of η satisfying the following property: For every subvariety Y ( S, there exist a neighborhood U ⊂ S of Y and a trivial
deformation U ⊂ S → ∆ of U such that η˜−1(U ) ⊂ S˜ → ∆ is a trivial deformation of η−1(U).
In particular, Π˜ is a C˜-locally trivial deformation of S˜.
Proof. — SinceΠ : S → ∆ is a smooth family, it is locally trivial. As η(C˜) is the union of Cwith some finite
subset of S, by the local triviality and the C-local triviality of Π, there exists an open subset U0 ⊂ S such
that U0 := U0 ∩ S is a neighborhood of η(C˜) and U0 ≃ U0 × ∆ over ∆. Let
η : S˜ = Sn → · · · → S1
η1
−→ S0 = S
be decomposed as a sequence of contractions of (−1)-curves. Let p ∈ S be the blow-up center of η1 : S1 → S.
Since p ∈ η(C˜) ⊂ U0, we can find a deformation P ⊂ S of p over ∆ such that
(P ⊂ U0) ≃ ({p} ⊂ U0) × ∆ over ∆.
So if η˜1 : S1 → S is the blow-up of S along P , then η˜−11 (U0) ≃ η
−1
1 (U0) × ∆ over ∆. From this, it is easy
to see that for every subvariety Y ( S, there exist a neighborhood U ⊂ S of Y and a trivial deformation
U ⊂ S → ∆ of U such that η˜−11 (U ) ≃ η
−1
1 (U) × ∆ over ∆. Iterating the same construction for each blow-up
Si+1 → Si, we obtain a sequence of blow-ups
η˜ : S˜ = Sn → · · · → S0 = S
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such that S˜
η˜
−→ S → ∆ satisfies the conclusion of Lemma 4.1. 
4.2 Fibrations in K3 surfaces
The following lemma shows that smooth isotrivial fibrations in K3 surfaces become trivial after some
finite étale base change.
Lemma 4.2. — Let f : X → B be a smooth isotrivial fibration in K3 surfaces over a complex manifold B. Assume
that X is Kähler, then there exists a finite étale cover B˜ → B of B such that the base change X ×B B˜ → B˜ is a trivial
fibration.
Proof. — Since the restriction of a Kähler class on X to a fiber F of f is a Kähler class fixed by the induced
π1(B)-action on H2(F,R), the map π1(B) → Aut(F)/Aut0(F) has finite image by [30, Proposition 2.2] where
Aut0(F) denotes the identity component of Aut(F). As F is a K3 surface, Aut0(F) is trivial, so π1(B) acts as a
finite group on F. Accordingly, the base change of f : X → B by the finite étale cover of B corresponding to
ker (π1(B)→ Aut(F)) is a trivial fibration. 
Whenever there is a groupG acting on the product of a K3 surface and a curve Bwith 1(B) ≥ 1, according
to the next lemma the G-action is necessarily diagonal.
Lemma 4.3. — Let S be a K3 surface and B a smooth projective curve with 1(B) ≥ 1. Every automorphism
f : S × B→ S × B is the product of an automorphism of S with an automorphism of B.
Proof. — For every fiber F of the second projection pr2 : S × B→ B, since h
0,1(F) < h0,1(B), the image f (F) is
still a fiber of pr2. So f induces an automorphism φ : B→ B. Consider the map Φ : B→ Aut(S) defined by
Φ(t)(s) := pr1( f (s, t)).
Since Aut(S) is discrete, Φ is constant. It follows that f is the product of Φ(t) ∈ Aut(S) (for whatever t ∈ B)
with φ ∈ Aut(B). 
Now we can prove Theorem 1.8 when X˜ is a G-equivariant smooth isotrivial fibration in K3 surfaces.
Lemma 4.4. — Let G be a finite group and f : X → B a G-equivariant smooth isotrivial fibration in non-algebraic
K3 surfaces. Assume that X is Kähler and B is a smooth projective curve with 1(B) ≥ 1. Then for every subvariety
C ⊂ X with dimC ≤ 1, the threefold X has a G-equivariant and C-locally trivial algebraic approximation.
Proof. — By Lemma 4.2, there exists a finite étale cover B˜ → B of B such that the base change X ×B B˜ → B˜
is isomorphic to the trivial fibration f˜ : S × B˜ → B˜ where S is a fiber of f . Up to making a further base
change, we may assume that B˜ is Galois over B/G and set G˜ := Gal
(
B˜/(B/G)
)
. According to Lemma 4.3, the
induced G˜-action on S × B˜ is a product action.
Let C˜ be the pre-image of C in S × B˜. Let pr1 : S × B˜ → S be the first projection and let C
′ = pr1(C˜). By
Lemma 1.10, there exists a G˜-equivariant algebraic approximation S → ∆ of S which is C′-locally trivial.
So the product Π : X := S × B˜ → ∆ is a G˜-equivariant algebraic approximation of S × B˜. Let U ⊂ S
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be an open subset containing C′ such that U ≃ U × ∆ over ∆ where U := U ∩ S. Then the open subset
U × B˜ ⊂ S × B˜ contains C˜ and is isomorphic to (U × B˜) × ∆ over ∆, which shows thatΠ is C˜-locally trivial.
As C˜ is Gal(B˜/B)-stable, we conclude by Lemma 2.7 and Lemma 2.4 that the quotient of Π by Gal(B˜/B) is a
G-equivariant algebraic approximation of X which is C-locally trivial. 
4.3 Smooth torus fibrations and tautological families
Before we move to the case where the manifold X˜ in Theorem 1.8 is a smooth isotrivial fibration in
2-tori, let us recall the construction of the (G-equivariant) tautological family associated to a smooth torus
fibration f following [14].
Let f : X → B be a smooth torus fibration and J → B the Jacobian fibration associated to f . The sheaf
JH/B of germs of holomorphic sections of J → B lies in the exact sequence
0 H EH/B JH/B 0
exp
(4.2)
whereH := R21−1 f∗Z (with 1 the relative dimension of f ) and
EH/B := (H ⊗ OB)/R1−1 f∗Ω
1
X/B ≃ R
1 f∗Ω
1−1
X/B.
Every morphism φ : B′ → B induces a map φ∗ : JH/B → φ∗Jφ−1H/B′ by pulling back sections.
Suppose, in addition, that f is G-equivariant for some finite group G, then G acts naturally on (4.2). The
fibration f is a G-equivariant J-torsor and to each isomorphism class of G-equivariant J-torsors, we can
associate in a biunivocal way an element ηG( f ) ∈ H1G(B,JH/B) [14, Section 2.4]. From the construction of
f 7→ ηG( f ), it is easy to see that for every φ : B′ → B, the base change f ′ : X ×B B′ → B′ is the smooth torus
fibration representing φ∗ηG( f ) ∈ H1G(B
′,Jφ−1H/B′ ) where
φ∗ : H1G(B,JH/B)→ H
1
G(B
′,Jφ−1H/B′ )
is the map induced by φ∗ : JH/B → φ∗Jφ−1H/B′ . Let
exp : H1(B, EH/B)G → H1G(B,JH/B)
denote the morphism induced by exp : EH/B → JH/B. For any linear map φ : V → H1(B, EH/B)G from a
finite dimensional vector space V, there exists a family
Π : X
q
−→ B × V → V (4.3)
of G-equivariant J-torsors [14, Proposition 2.10] such that t ∈ V parameterizes the G-equivariant J-torsor
which corresponds to
ηG( f ) + exp(φ(t)) ∈ H1G(B,JH/B).
The familyΠ is called the G-equivariant tautological family associated to f and parameterized byV. When
B is compact and V = H1(B, EH/B)G, the corresponding family is called the G-equivariant tautological family
associated to f .
The tautological families satisfy the following density result.
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Theorem 4.5 (Claudon [14]). — Let G be a finite group and f : X → B a G-equivariant smooth torus fibration.
Assume that the total space X is a compact Kähler manifold. Then the G-equivariant tautological familyΠ associated
to f is locally trivial over B, and the subset of V := H1(B, EH/B)G parameterizing fibrations with an étale multi-section
over B is dense in V. In particular, if the fibers of f and B are projective, thenΠ is an algebraic approximation of f .
4.4 Fibrations in 2-tori
Now we turn to the case of smooth isotrivial fibrations in 2-tori. The two following lemmas are the
analogues of Lemma 4.2 and Lemma 4.3.
Lemma 4.6. — Let f : X → B be a smooth isotrivial fibration in complex tori over a smooth curve. Assume that X
is Kähler and f has a multi-section, then there exists a finite cover B˜ → B of B (with B˜ smooth) such that the base
change X ×B B˜→ B˜ is a trivial fibration.
Proof. — As f has a multi-section, there exists a finite cover B˜ → B of B such that B˜ is smooth and the
base change f˜ : X˜ = X ×B B˜ → B˜ has a section, namely f˜ is a Jacobian fibration. Since the restriction of
a Kähler class on X˜ to a fiber F of f˜ is a Kähler class fixed by the induced π1(B˜)-action on H2(F,R), the
map π1(B˜) → Aut(F)/Aut0(F) has finite image by [30, Proposition 2.2] where Aut0(F) denotes the identity
component of Aut(F). So after a further finite étale base change of f˜ : X˜ → B˜, we can assume that the
monodromy action of π1(B˜) on H1(F,Z) is trivial. Therefore since f˜ : X˜ → B˜ is a Jacobian fibration, f˜ is
isomorphic to the projection F × B˜→ B˜. 
Lemma 4.7. — Let S be a non-algebraic 2-torus and B a smooth projective curve with 1(B) ≥ 1. Let G be a finite
group acting on S × B and on B such that the projection S × B→ B is G-equivariant. Then there exists a finite cover
B˜→ B which is Galois over B/G such that the induced G˜ := Gal
(
B˜/(B/G)
)
-action on S × B˜ is diagonal.
Proof. — If a(S) = 0, then the only subvariety of S of positive dimension is S. For every 1 ∈ G, consider the
map Φ1 : B→ Aut(S) defined by
Φ1(t)(s) := pr1(1(s, t)).
Since Φ1(B) is a subvariety of a connected component of Aut(S), which is isomorphic to S, and since
dimΦ1(B) < dimS, the image Φ1(B) is a point. Therefore Φ1 is constant, which shows that the G-action on
S × B is already diagonal.
Now assume that a(S) = 1, then S is a smooth isotrivial elliptic fibration S → E0 over an elliptic curve.
Let 1 ∈ G and let E be a fiber of S×B→ E0 ×B. Since S×B→ B is G-equivariant, 1(E) is contained in a fiber
of S×B→ B. As the only curves of S are the fibers of S→ E0, 1(E) has to be a fiber of S×B→ E0 ×B. So the
G-action on S× B descends to a G-action on E0 × B. By [5, Lemma VI.10], there exists a a finite cover B˜→ B
which is Galois over B/G such that the induced G˜-action on E0 × B˜ → B˜ is diagonal. Hence the induced
G˜-action on S × B˜ is also diagonal. 
The following lemma rephrases Theorem 1.8 for X˜ a G-equivariant smooth isotrivial fibration in 2-tori.
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Lemma 4.8. — Let G be a finite group and f : X → B a G-equivariant smooth isotrivial fibration in 2-tori such
that X is a compact Kähler manifold and B a smooth projective curve. For every subvariety C ⊂ X with dimC ≤ 1,
the threefold X has a G-equivariant and C-locally trivial algebraic approximation.
Proof. — When the fibers of f are algebraic, Lemma 4.8 is already covered by Theorem 4.5 (together with
Corollary 2.11), so we can assume that the fibers of f are non-algebraic.
First we assume that f has a multi-section. In this case, the proof of Lemma 4.8 is similar to the one of
Lemma 4.4. By Lemma 4.6, there exists a finite cover B˜ → B such that the base change X˜ := X ×B B˜ → B˜ is
isomorphic to the second projection S × B˜→ B˜where S is a fiber of f . Up to making a further base change,
we can assume by Lemma 4.7 that B˜ is Galois over B/G and the induced G˜ := Gal
(
B˜/(B/G)
)
-action on S× B˜
is diagonal.
Let C˜be thepre-imageofC in X˜, which isGal(B˜/B)-stable by assumption. ByLemma2.7andLemma2.4, it
suffices to show that X˜ has a G˜-equivariant and C˜-locally trivial algebraic approximation. Let pr1 : S×B˜→ S
be the first projection and C′ := pr1(C˜). By Lemma 1.10, there exists a G˜-equivariant and C
′-locally trivial
algebraic approximation S → ∆ of S. Repeating the same argument as in the proof of Lemma 4.4,
we deduce that the deformation S × B˜ → ∆ induces a G˜-equivariant and C˜-locally trivial algebraic
approximation of X˜.
Now assume that f does not have any multi-section. Let
Π : X
q
−→ B × V → V := H1(B, EH/B)G
be the G-equivariant tautological family associated to f . By Theorem 4.5, there exists t ∈ V such that the
fibrationXt → B parameterized by t has a multi-section. By Lemma 4.6, there exists a finite cover r : B˜→ B
such that the base change Xt ×B B˜ → B˜ is isomorphic to the second projection, denoted by S × B˜ → B˜. As
before, up to making a further base change, we can assume by Lemma 4.7 that B˜ is Galois over B/G and
the induced G˜ := Gal
(
B˜/(B/G)
)
-action on S × B˜ is diagonal. Since the pullback by r : B˜ → B induces an
isomorphism
V = H1(B, EH/B)G ≃ H1(B˜, r∗EH/B)G˜ = H1(B˜, Er−1H/B˜)
G˜,
the base change
Πo : Xo → B˜ × V → V
of Π (or rather q) by B˜ × V → B × V is the G˜-equivariant tautological family (up to a reparameterization
by some translation of V) associated to S × B˜ → B˜. Obviously the base change f˜ : X˜ := X ×B B˜ → B˜ is a
member of Πo.
By Lemma 1.10 there exists a G˜-equivariant algebraic approximation S → ∆ of S which is C′-locally
trivial for every curve C′ ⊂ S. In what follows, we will construct a family
Π˜ : X˜
q˜
−→ (∆ × B˜) × V˜ → ∆ × V˜
of G˜-equivariant tautological families such that the family
Π˜t : X˜t
q˜
−→ ({t} × B˜) × V˜ → {t} × V˜
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parameterized by t ∈ ∆ is the G˜-equivariant tautological family associated to St × B˜ → B˜. We will then
show that Π˜ is an algebraic approximation of f˜ .
Let π : S × B˜ → ∆ × B˜ be the product of S → ∆ with IdB˜. Let H˜ = R
3π∗Z and EH˜/∆×B˜ = R
2π∗Ω1
S×B˜/∆×B˜
.
Since EH˜/∆×B˜ is locally free and for every t ∈ ∆, we have
dimH1
(
{t} × B˜, EH˜/∆×B˜
)
= dimH1
(
B˜,H2(St,Ω1St) ⊗ OB˜
)
= h0,1(B˜) · h1,2(St),
which is constant in t, the higher pushforward R1pr1∗EH˜/∆×B˜ by the projection pr1 : ∆× B˜→ ∆ is locally free.
Up to shrinking ∆, we can assume that R1pr1∗EH˜/∆×B˜ is free, so there exists a finite dimensional subspace
V˜ ⊂ H0(∆,R1pr1∗EH˜/∆×B˜)
G˜ ≃ H1(∆ × B˜, EH˜/∆×B˜)
G˜
such that
H0(O∆) ⊗ V˜ → H0(∆,R1pr1∗EH˜/∆×B˜)
G˜ (4.4)
is surjective. Let
Π˜′ : X˜
q˜
−→ (∆ × B˜) × V˜ → V˜
be the G˜-equivariant tautological family associated to π and parameterized by V˜. Let
Π˜ : X˜
q˜
−→ (∆ × B˜) × V˜ → ∆ × V˜
be the composition of q˜with the projection (∆ × B˜) × V˜ → ∆ × V˜. Since (4.4) is surjective, the restriction
ρt : V˜ ֒→ H1(∆ × B˜, EH˜/∆×B˜)
G˜ → H1
(
{t} × B˜, EH˜/∆×B˜
)G˜
= H1(B˜, EH˜|{t}×B˜/B˜)
G˜
is surjective for every t ∈ ∆. Over each t ∈ ∆, the restriction
Π˜t : X˜t → B˜ × V˜ → V˜
of Π˜ to X˜t := q˜−1(({t} × B˜) × V˜) is the pullback of the G˜-equivariant tautological family associated to the
trivial fibration St × B˜→ B˜ by ρt. In particular, Π˜ contains the pullback
Π˜o : X˜o → B˜ × V˜ → V˜
ofΠo byρo : V˜ → H1(B˜, EH˜|{o}×B˜/B˜)
G˜ = H1(B˜, Er−1H/B˜)
G˜ = Vwhere o ∈ ∆ is the point parameterizingS inS → ∆,
so the fibration f˜ : X˜ → B˜ is a member of the family Π˜ because ρo is surjective. For every t ∈ ∆, since ρt is
surjective, Theorem 4.5 implies that in the family Π˜, there exists a dense subset of {t} × V˜ parameterizing
fibrations in St over B˜ having a multi-section. By Corollary 2.10, such a fibration is algebraic if St is
algebraic. Therefore since S → ∆ is an algebraic approximation of S, Π˜ is an algebraic approximation of f˜ .
As f does not have anymulti-section, the pre-image ofC ⊂ X in X˜ is contained in a finite union C˜ of fibers
of f˜ . Since the deformation S → ∆ of S is C′-locally trivial for every curve C′ ⊂ S and since Π˜′ is locally
trivial over ∆ × B˜, it follows that Π˜ is a C˜-locally trivial deformation of X˜. Finally as Π˜ is a G˜-equivariant
deformation of X˜ and C˜ is Gal(B˜/B)-stable, we conclude by Lemma 2.7 and Lemma 2.4 that the quotient of
Π˜ by Gal(B˜/B) is a G-equivariant and C-locally trivial algebraic approximation of X. 
4.5 3-tori
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It is well-known that complex tori have algebraic approximations. The same proof works also in the
G-equivariant setting.
Lemma 4.9. — A complex torus X endowed with a finite group action G has an algebraic approximation preserving
the G-action.
Proof. — As X is a torus, it has no deformation obstructions. Consider the universal deformation X → ∆.
Let [ω] ∈ H1(X,Ω1X) be a G-invariant Kähler class. Since ωX ≃ OX, the map µ[ω] in Theorem 2.14 can be
identified with
⌣[ω] : H1(X,Ωn−1X )→ H
2(X,ΩnX)
which is surjective by the hard Lefschetz theorem. We conclude by [21, Theorem 1.11] that X has an
algebraic approximation preserving the G-action. 
Finally we prove Theorem 1.8 when X˜ is a 3-torus.
Lemma 4.10. — Let X be a non-algebraic 3-torus and G a finite group acting on X. For every subvariety C ⊂ X
with dimC ≤ 1, the 3-torus X has a G-equivariant and C-locally trivial algebraic approximation.
Proof. — Wemay assume that C , ∅, otherwise we conclude by Lemma 4.9. SinceX is smooth, every small
deformation of X is locally trivial. So we can assume that C ⊂ X is of pure dimension 1.
Suppose that there exists a generically injective morphism ν : C′ → X from a smooth curve of genus at
least 2 to X. Since ν is generically injective and factorizes through C′ → J(C′) where J(C′) is the Jacobian
associated to C′, the 3-torus X contains an abelian variety A with dimA ≥ 2. As X is non-algebraic, we
have dimA = 2 and hence X is a smooth isotrivial fibration f : X → B in abelian surfaces. Again, as X
is non-algebraic, the G-action on X preserves the fibers of f (otherwise X would be algebraic connected,
which contradicts 2.9). Hence we can apply Theorem 1.9 together with Corollary 2.11 to conclude that X
has a G-equivariant and C-locally trivial algebraic approximation.
Now assume thatX does not contain any curve of geometric genus at least 2, then C is a union of smooth
elliptic curves and X is a smooth isotrivial elliptic fibration f : X → S over a 2-torus. The only curves of X
are fibers of f . Indeed, if C′ is a curve which is not contracted by f , then for every fiber E of f , the image
of α : C′ × E→ X defined by α(x, y) := x + y is an algebraic surface, which contradicts the assumption that
there is no curve inX of geometric genus at least 2. It follows thatC is a union of fibers of f and theG-action
on X permutes the fibers of f , which induces a G-action on S. If S is algebraic, then Theorem 4.5 implies
that f has a G-equivariant algebraic approximation which is locally trivial over S so in particular, C-locally
trivial. If a(S) = 1, then S is an elliptic fibration S → B and the G-action on S descends to a G-action on
B. So the composition X → S → B is a G-equivariant smooth isotrivial fibration in 2-tori and in this case,
Lemma 4.10 follows from Lemma 4.8.
It remains to treat the case where a(S) = 0. The argument is similar to the one in the proof of Lemma 4.8.
Let
Π : X
q
−→ S × V → V := H1(S, EH/S)G
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be the G-equivariant tautological family associated to f . By Theorem 4.5, there exists t ∈ V such that the
fibration Xt → S parameterized by t has a multi-section which is étale over S. So there exists a finite étale
cover r : S˜→ S such that the base change X˜t := Xt×S S˜→ S˜ has a section. Since Aut(E)/Aut0(E) is finite, up
tomaking a further base change by the finite étale cover of S˜corresponding to ker
(
π1(S˜)→ Aut(E)/Aut0(E)
)
,
we can assume that X˜t → S˜ is isomorphic to the trivial fibration E × S˜ → S˜ where E is a fiber of f . Still
after another finite étale base change we can assume that S˜ is Galois over S/G and set G˜ := Gal
(
S˜/(S/G)
)
.
There exists an induced G˜-action on E × S˜, which is in fact diagonal. Indeed, for every 1 ∈ G˜ and x ∈ E, it
suffices to see that the map Φx : S˜ → E defined by Φ(y) := pr1(1(x, y)) is constant where pr1 : E × S˜ → E is
the projection, which is the case because a(S˜) = 0. As the pullback by r : S˜→ S induces an isomorphism
V = H1(S, EH/B)G ≃ H1(S˜, r∗EH/B)G˜ = H1(S˜, Er−1H/S˜)
G˜,
the base change
Πo : Xo → S˜ × V → V
of Π (or rather q) by S˜ ×V → S ×V is the G˜-equivariant tautological family (up to a reparameterization by
some translation of V) associated to E× S˜→ S˜. Obviously the base change f˜ : X˜ := X×S S˜→ S˜ is a member
of Πo.
Since S˜ is a finite étale cover of S, it is still a 2-torus. By Lemma 1.10 there exists a G˜-equivariant algebraic
approximation p : S → ∆ of S˜. In what follows, we will construct a family
Π˜ : X˜
q˜
−→ S × V˜ → ∆ × V˜
of G˜-equivariant tautological families associated to E ×St → St and show that Π˜ is an algebraic approxi-
mation of f˜ .
Let π : E ×S → S be the projection. Let H˜ = R1π∗Z and EH˜/S = R
1π∗OE×S . Since EH˜/S is locally free
and for every t ∈ ∆, we have
dimH1
(
St, EH˜/S
)
= dimH1
(
St,H1(E,OE) ⊗ OSt
)
= h0,1(St) · h0,1(E),
which is constant in t, the higher pushforward R1p∗EH˜/S is locally free. Up to shrinking ∆, R
1p∗EH˜/S is free,
so there exists a finite dimensional subspace
V˜ ⊂ H0(∆,R1p∗EH˜/S )
G˜ ≃ H1(S , EH˜/S )
G˜
such that H0(O∆) ⊗ V˜ → H0(∆,R1p∗EH˜/S )
G˜ is surjective. Let
Π˜′ : X˜
q˜
−→ S × V˜ → V˜
be the G˜-equivariant tautological family associated to π : E ×S → S parameterized by V˜ and let
Π˜ : X˜
q˜
−→ S × V˜ → ∆ × V˜
be the composition of q˜with p × IdV˜.
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Since H0(O∆) ⊗ V˜ → H1(S , EH˜/S )
G˜ is surjective, the restriction
ρt : V˜ ֒→ H1(S , EH˜/S )
G˜ → H1
(
St, EH˜|St /St
)G˜
is also surjective for every t ∈ ∆. Over each t ∈ ∆, the restriction
Π˜t : X˜t → St × V˜ → V˜
of Π˜ to X˜t := q˜−1(St × V˜) is the pullback of the G˜-equivariant tautological family associated to the trivial
fibration E ×St → St by ρt. In particular, Π˜ contains the pullback
Π˜o : X˜o → S˜ × V˜ → V˜
of Πo by ρo : V˜ → H1
(
So, EH˜|So/So
)G˜
= H1(S˜, Er−1H/S˜)
G˜ = V where o ∈ ∆ is the point parameterizing S˜ in
S → ∆. As ρo is surjective, the fibration f˜ : X˜ → S˜ is a member of the family Π˜. For every t ∈ ∆, since ρt
is surjective, Theorem 4.5 implies that in the family Π˜, there exists a dense subset of {t} × V˜ parameterizing
elliptic fibrations over St having a multi-section. By Corollary 2.10, such a fibration is algebraic if St is
algebraic. Since S → ∆ is an algebraic approximation of S˜, Π˜ is an algebraic approximation of f˜ .
As C is a finite union of fibers of f , the pre-image C˜ of C in X˜ is a finite union of fibers of f˜ . Since Π˜′ is
locally trivial over S , Π˜ is a C˜-locally trivial deformation of X˜. Finally as Π˜ is a G˜-equivariant deformation
of X˜ and C˜ is Gal(S˜/S)-stable, we conclude by Lemma 2.7 and Lemma 2.4 that the quotient of Π˜ by Gal(S˜/S)
is a G-equivariant and C-locally trivial algebraic approximation of X. 
4.6 Proof of Theorem 1.8
We finish Section 4 with the proof of Theorem 1.8.
Proof of Theorem 1.8. — By Lemma 2.7 and Lemma 2.4, it suffices to show that X˜ has an algebraic approxi-
mation which is G-equivariant and C˜-locally trivial where C˜ is the pre-image of C ⊂ X′ in X˜.
According to Proposition 1.6, there are three cases to be distinguished. If we are in the first case,
then Theorem 1.8 follows from Theorem 1.9 and Corollary 2.11. In Case ii), we use either Lemma 4.4 or
Lemma 4.8 to conclude. In Case iii), Theorem 1.8 follows from Lemma 4.10. 
5 Proof of Theorem 1.11 for P1-bundles
In Section 5, we will prove Theorem 1.11 for P1-bundles over a compact Kähler surface of algebraic
dimension 0. SinceP1-bundles are the projectivization of twisted vector bundles of rank 2, their deformation
problem is directly related to the deformation-obstruction theory of twisted vector bundles that we shall
study now.
5.1 Semi-regularity maps and deformations of twisted vector bundles
We will first recall the definition of a twisted vector bundle. The reader is referred to [9, Chapter 1] for
their basic properties.
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Let X be a complex space. Given a Cˇech 2-cocycle α = {αi jk} with coefficients in O×X with respect to an
open cover {Ui}i∈I of X, an α-twisted vector bundle (E, α) of rank r is a collection of vector bundles Ei over
each Ui together with isomorphisms 1i j : Ei |Ui∩U j → E j |Ui∩U j such that 1ii = Id, 1i j = 1
−1
ji , and 1ki ◦ 1 jk ◦ 1i j
is the multiplication by αi jk on Ei |Ui∩U j∩Uk . Similarly and more generally we can define α-twisted coherent
sheaves, which form an abelian category Coh(X, α) (2). Up to equivalence of categories, Coh(X, α) does not
depend on the representative α of [α] ∈ H2(X,O×X).
Let 1i j be given as above and let 1¯i j : P(Ei|Ui∩U j )→ P(E j|Ui∩U j ) be the inducedmap on the projectivizations.
Since 1ki ◦ 1 jk ◦ 1i j is a scalar multiplication, the collection {1¯i j} is a closed 1-cocycle and thus defines a
Pr−1-bundle over X denoted by P(E, α) → X, or simply P(E). Conversely, every Pr−1-bundle over X is
isomorphic to some P(E, α) → X and (E, α) can be chosen so that α is with coefficients in µr ⊂ O×X [9, p.9
and Example 1.1.1]; in particular, [α] ∈ H2(X,O×X) is torsion.
Let X → B be a holomorphic map and E an α-twisted locally free sheaf on X . As in the untwisted
case, we define the Atiyah class At(E ) as follows. Let ∆X ⊂ X ×B X denote the relative diagonal of X
and I∆X its ideal sheaf. Let pri : X ×B X → X be the i-th projection. Regarding OX ×BX /I
2
∆X
as an
(α−1 ⊠ α)-twisted sheaf, we define the first jet bundle of E to be the α-twisted sheaf
J1(E ) := pr2∗
(
pr∗1E ⊗
(
OX ×BX /I
2
∆X
))
.
This sheaf sits in the middle of the short exact sequence
0 E ⊗Ω1
X /B J
1(E ) E 0 (5.1)
and the corresponding element At(E ) ∈ Ext1(E , E ⊗Ω1
X /B) is called the Atiyah class of E .
The following result is classical in the untwisted case (see for example [8, Theorem 5.1]) and can be
proven with a similar argument.
Proposition 5.1. — Let X be a compact Kähler manifold and α a Cˇech 2-cocycle with coefficients in µr ⊂ O×X . Let E
be an α-twisted locally free sheaf over X. Assume that the trace map tr : Ext2(E,E)→ H2(X,OX) is injective. Then
for every smooth deformationΠ : X → B of X over a complex manifold B, whenever the class
tr (At(E)) ∈ H1(X,Ω1X) ⊂ H
2(X,C)
remains of type (1, 1) along B under the parallel transport with respect to the Gauss-Manin connection, up to
shrinking B there exists a twisted locally free sheaf E on X such that E|X ≃ E.
Proof. — Let o ∈ B be the point parameterizing the central fiber X. By Artin’s approximation theorem [2],
it suffices to show that E extends to a twisted vector bundle over the formal neighborhood of o ∈ B. To this
end, we will prove by induction on n starting from E0 := E that if
Xn → ∆n := Spec (C[ε1, . . . , εdimB]/(ε1, . . . , εdimB)n+1)
2. This category depends tacitly on the Cˇech cover {Ui}i∈I . It is only up to equivalence of categories that Coh(X, α) is independent
of {Ui}i∈I .
ALGEBRAIC APPROXIMATIONS OF COMPACT KÄHLER THREEFOLDS 29
denotes the base change ofΠ : X → Bwith the inclusion ∆n ֒→ B of the n-th infinitesimal neighborhood of
o, then an αn-twisted locally free sheaf En on Xn extends to an αn+1-twisted locally free sheaf En+1 on Xn+1.
Here αn is the unique 2-cocycle with coefficients in the locally constant subsheaf µr ⊂ O×Xn extending α.
Lemma 5.2. — Let Xn → ∆n be a smooth morphism whose special fiber is isomorphic to a compact Kähler manifold
X. Let Xn+1 → ∆n+1 be a square-zero extension of Xn → ∆n and let θ ∈ Ext1(ΩXn/∆n , I) be the corresponding
element where I is the ideal sheaf of Xn in Xn+1 but considered as an OXn -sheaf. Let En be an αn-twisted locally free
sheaf on Xn extending E. Set
obEn : Ext
1(ΩXn/∆n , I) Ext
1(En ⊗ΩXn/∆n , En ⊗ I) Ext
2(En, En ⊗ I)
IdEn⊗
where the last arrow is the Yoneda product with At(En). Then En can further be extended to an αn+1-twisted locally
free sheaf En+1 on Xn+1 if and only if obEn (θ) = 0.
Proof. — The vanishing obEn(θ) = 0 is equivalent by [20, Exercise III.5.3] to the existence of an αn-twisted
sheaf F sitting in the middle of the following commutative diagram with exact rows and columns.
0 0
En ⊗ I En ⊗ I
0 En ⊗ΩXn+1/∆n+1 |Xn F En 0
0 En ⊗ΩXn/∆n J
1(En) En 0
0 0
r
(5.2)
If En can be extended to an αn+1-twisted locally free sheaf En+1 on Xn+1, then F := J1(En+1)|Xn fits in (5.2)
as in the untwisted case, where the horizontal exact sequence in the middle is the restriction to Xn of
the analogue extension (5.1) for J1(En+1) and r : J1(En+1)|Xn → J
1(En) is the map induced by the restriction
En+1 → En.
Conversely, assume that (5.2) exists. Let j : En → J1(En) be the map sending each local section of En to
its first-order jet, which is compatible with the structures of αn-twisted sheaves because given a good open
cover {Ui} of Xn, the maps
αi jk : Ui ∩U j ∩Uk → µr ⊂ C×
defining the 2-cocycles αn are constant. Instead of being OXn-linear, j satisfies the "Leibniz rule": given
local sections σ and f of En and OXn respectively, we have j( fσ) = f · j(σ) + d f · σ. Define
En+1 := ker
(
r ◦ pr1 − j ◦ pr2 : F ⊕ En → J
1(En)
)
.
As En and En ⊗ΩXn+1/∆n+1 |Xn are locally free, their extension F in (5.2) is also locally free. Let us fix a good
open cover {Ui} of Xn and gluing isomorphisms
θi j : Fi |Ui∩U j
∼
−→ F j |Ui∩U j and θ
′
i j : (En)i |Ui∩U j
∼
−→ (En) j|Ui∩U j
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defining F and En such that they are compatible with the morphisms in (5.2) and that both θki ◦ θ jk ◦ θi j
and θ′ki ◦ θ
′
jk ◦ θ
′
i j are multiplications by αi jk. For every i, recall that (En+1)i := En+1 |Ui can be endowed with a
structure of OXn+1 |Ui -sheaf as follows. Regarding OXn+1 as the kernel
OXn+1 = ker
(
r′ ◦ pr1 − d ◦ pr2 : ΩXn+1/∆n+1 |Xn ⊕ OXn → ΩXn/∆n
)
where r′ : ΩXn+1/∆n+1 |Xn → ΩXn/∆n is the restriction map, given local sections (α, f ) ∈ OXn+1(U) and (β, σ) ∈
En+1(U) for some open subset U ⊂ Ui where α, f , β, σ are elements of ΩXn+1/∆n+1 |Xn (U), OXn(U), F (U), and
En(U) respectively, we define
(α, f ) · (β, σ) := ( fβ + σ ⊗ α, fσ). (5.3)
Then (5.3) defines a structure of OXn+1 |Ui -sheaf on (En+1)i and (En+1)i is locally free of the same rank r of En.
Finally let
Θi j : (En+1)i |Ui∩U j → (En+1) j |Ui∩U j
be the restriction of θi j ⊕ θ′i j to (En+1)i |Ui∩U j . By construction, these maps are OXn+1-linear and so is the
composition Θki ◦Θ jk ◦Θi j, which is the restriction of the multiplication by αi jk to (En+1)i |Ui∩U j∩Uk . Therefore
{Θi j} is a collection of gluing isomorphisms which defines En+1 as an αn+1-twisted sheaf on Xn+1. 
To finish the proof, it suffices by Lemma 5.2 to verify that obEn(θ) = 0. We can compose obEn with the
trace map tr : Ext2(En, En ⊗ I)→ H2(Xn, I). As the trace maps commute with the Yoneda products, we have
tr ◦ obEn(θ) = θ⌣ tr(At(En)) ∈ H
2(Xn, I).
If the parallel transports of tr(At(E)) by the Gauss-Manin connection remain of type (1, 1), then by [8,
Lemma 5.7 and 5.8] we have θ⌣ tr(At(En)) = 0. Since tr : Ext
2(E,E)→ H2(X,OX) is injective, by [8, Lemma
5.10] with the same proof adapted for twisted sheaves, the trace map tr : Ext2(En, En ⊗ I)→ H2(Xn, I) is also
injective. Hence obEn (θ) = 0. 
5.2 Deformations of P1-bundles
Let S˜ be a compact Kähler surface with a(S˜) = 0 and f : X → S˜ a P1-bundle over S˜. Let E be an α-twisted
locally free sheaf of rank 2 over S˜whose projectivization P(E)→ S˜ is isomorphic to the P1-bundle f . As we
mentioned before, we can assume that α is with coefficients in µ2 ⊂ O×S˜ . The following proposition shows
that if S is the minimal model of S˜ and C ⊂ S the union of all the curves of S, then every C-locally trivial
deformation of S preserving NS(S) can be lifted to a deformation of f .
Proposition 5.3. — Let S, S˜, E, and C ⊂ S be as above and Π : S → ∆ a C-locally trivial deformation of S
preserving NS(S). Let
Π˜ : S˜
η
−→ S → ∆
be the deformation of S˜ constructed in Lemma 4.1 liftingΠ. Then up to shrinking ∆, Π˜ can be lifted to a deformation
of the pair (S˜,E).
Remark 5.4. — When NS(S) = 0, it follows from Proposition 5.3 that there is no obstruction to deforming
a P1-bundle over S along any small deformation of S.
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Proof. — First we assume that E is the extension of two torsion free α-twisted sheaves of rank 1. As torsion
free twisted sheaves of rank 1 are isomorphic to untwisted ones, the α-twisted sheaf E is also isomorphic
to an untwisted sheaf (still denoted by E) and can be considered as an extension
0 L˜ E L˜′ ⊗ IY 0 (5.4)
for some invertible sheaves L˜ and L˜′ on S˜ and some 0-dimensional subscheme Y ⊂ S˜. The sheaves L˜ and
L˜′ deform along S˜ → ∆. Indeed, let L and L′ be the invertible sheaves on S such that L˜ = η∗
|S˜
L(D) and
L˜′ = η∗
|S˜
L′(D′) for some divisors D and D′ with supports in the exceptional locus of η|S˜ : S˜ → S. Since
Π : S → ∆ preserves NS(S), the classes c1(L) and c1(L′) remain of type (1, 1) under the parallel transport
by the Gauss-Manin connection along ∆, so there exist invertible sheaves L and L ′ on S which are
deformations of L and L′. For later use, we can even choose L and L ′ so that hi(S , (L ′ ⊗ L ∨)|St) is
constant in t by [39, Proposition 4.3 and 4.4]. By the construction of η : S˜ → S , there exist divisors D and
D ′ on S˜ with supports in the exceptional locus of the blow-up S˜ → S which are deformations of D and
D′. The invertible sheaves L˜ := η∗L (D) and L˜ ′ := η∗L ′(D ′) are deformations of L˜ and L˜′.
Let C˜ be the union of all the curves in S˜, which consists of only finitely many irreducible components
because a(S˜) = 0. By Lemma 4.1, there exists a neighborhood U ⊂ S of η(C˜ ∪ Y) and a trivial deformation
U ⊂ S → ∆ of U such that U˜ := η−1(U ) ≃ U˜ × ∆ over ∆where U˜ := η−1(U). So there exists a deformation
Y ⊂ S˜ of the 0-dimensional subscheme Y ⊂ S˜ such that
(Y ⊂ U˜ ) ≃ (Y ⊂ U˜) × ∆ over ∆. (5.5)
To show that E deforms with S˜ over ∆ up to shrinking ∆, by (5.4) it suffices to show that
t 7→ dimExt1(L˜ ′t ⊗ IYt , L˜t)
is constant, which we will deduce from the next lemma.
Lemma 5.5. — Let L be an invertible sheaf on S and D a divisor on S˜ supported on the exceptional divisor of
η : S˜ → S . Let L˜ = η∗L(D). Suppose that t 7→ hi(S ,L|St) is constant for every i, then up to shrinking ∆,
h1(S˜ , (L˜ ⊗ IY )|S˜t) is constant in t.
Proof. — By the exact sequence
0 H0(S˜ , (L˜ ⊗ IY )|S˜t) H
0(S˜ , L˜|S˜t) H
0(S˜ , L˜|Yt )
H1(S˜ , (L˜ ⊗ IY )|S˜t) H
1(S˜ , L˜|S˜t) H
1(S˜ , L˜|Yt ) = 0,
it suffices to show that h0(S˜ , (L˜ ⊗ IY )|S˜t) and h
i(S˜ , L˜|S˜t) are constant in t.
SinceD is supported on the exceptional locus of η : S˜ → S , which deforms trivially along ∆, we have
(D ⊂ U˜ ) ≃
(
(D ∩ S˜) ⊂ U˜
)
× ∆ over ∆.
Since (Y ⊂ U˜ )→ ∆ is a trivial deformation of (Y ⊂ U˜) by (5.5), it follows that there exists a 0-dimensional
subscheme Z ⊂ U together with a trivial deformation (Z ⊂ U )→ ∆ of (Z ⊂ U) such that η∗(OS˜ (D)⊗ IY ) ≃
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IZ , and thus
η∗(L˜ ⊗ IY ) ≃ L ⊗ IZ .
If h0
(
S,L|S ⊗ IZ∩S
)
= 0, then
t 7→ h0(S˜ , (L˜ ⊗ IY )|S˜t) = h
0 (St,L|St ⊗ IZ∩St)
is constant by upper semi-continuity. If h0
(
S,L|S ⊗ IZ ∩S
)
> 0, then h0
(
S,L|S ⊗ IZ ∩S
)
= h0
(
S,L|S
)
= 1 by [4,
Proposition IV.8.1]. Since h0(S ,L|St) is constant in t, we have Π∗L ≃ O∆. Let σ ∈ H
0(S ,L) ≃ H0(∆,O∆)
be a section which does not vanish. As Div(σ) is supported on C where C ⊂ S → ∆ is the trivial
deformation ofC over∆, it follows that (Div(σ) ⊂ U ) is a trivial deformation of (Div(σ|S) ⊂ U). In particular,
(Z ,Div(σ)) → ∆ is a trivial deformation of the pair (Z,Div(σ|S)). Since h0
(
S,L|S ⊗ IZ ∩S
)
= h0
(
S,L|S
)
, the
section σ|S vanishes on Z ∩ S. So Zt ⊂ Div(σ|St) for every t ∈ ∆ and thus
1 ≤ h0
(
St,L|St ⊗ IZ ∩St
)
≤ h0
(
St,L|St
)
= 1.
Therefore h0(S˜ , (L˜ ⊗ IY )|S˜t) is also constant in twhen h
0 (S,L|S ⊗ IZ ∩S) > 0.
By the same argument, t 7→ h0(S˜ , L˜|S˜t) as well as t 7→ h
0(S˜ , L˜∨
|S˜t
⊗ ωS˜t) = h
2(S˜ , L˜|S˜t) are also constant.
Since L˜ is flat over ∆, it follows that h1(S˜ , L˜|S˜t) is constant in t as well. 
Since t 7→ hi(S , (L ′ ⊗ L ∨)|St) is assumed to be constant and KS˜ /∆ is supported on the exceptional
divisor of η : S˜ → S , Lemma 5.5 together with Serre duality implies that up to shrinking ∆,
t 7→ dimExt1(L˜ ′t ⊗ IYt , L˜t) = h
1
(
S˜ , (L ′ ⊗L ∨ ⊗ IY ⊗ ωS˜ /∆)|St
)
is constant. Thus there exists a locally free sheaf E of rank 2 over S˜ such that E|S˜ = E.
Now we turn to the case where E is not the extension of any pair of twisted sheaves of rank 1. As
[α] ∈ H2(S˜,O×
S˜
) is torsion, there exists n ∈ Z>0 such that E⊗n is isomorphic to an untwisted vector bundle.
So
n · tr(At(E)) = tr(At(E⊗n)) = −c1(E⊗n) ∈ NS(S˜).
Since S˜ → ∆ preserves η∗
|S˜
NS(S) and C˜ is the union of all the curves in S˜, the C˜-local triviality of the
deformation S˜ → ∆ of S˜ implies that Π˜ : S˜ → ∆ preserves NS(S˜). In particular, tr(At(E)) remains of
type (1, 1) under the parallel transport by the Gauss-Manin connection along ∆. Thus by Proposition 5.1, it
suffices to show that tr : Ext2(E,E)→ H2(S˜,OS˜) is injective.
By Serre duality, the dual tr∨ of the trace map is isomorphic to
H0(S˜, ωS˜)→ H
0(S˜,E∨ ⊗ E ⊗ ωS˜) = Hom(E,E ⊗ ωS˜)
induced by OS˜ ֒→ E
∨ ⊗ E. So tr∨ is injective. Therefore to show that tr∨ is surjective, it suffices to have
h0(S˜, ωS˜) ≥ dimHom(E,E⊗ωS˜). On the one hand since S˜ is a sequence of blow-ups of a K-trivial surface, we
have h0(S˜, ω⊗i
S˜
) = 1 for every i ≥ 0. On the other hand since E has no non-trivial quotient, the determinant
det : Hom(E,E ⊗ ωS˜)→ H
0(S˜, ω⊗2
S˜
)
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is injective. Hence
h0(S˜, ωS˜) = h
0(S˜, ω⊗2
S˜
) ≥ dimHom(E,E ⊗ ωS˜).

Now we can prove Theorem 1.11 for P1-bundles f : X → S with a(S) = 0.
Corollary 5.6 (Theorem 1.11, Case i)). — Let f : X → S be a P1-bundle over a smooth compact Kähler surface S
of algebraic dimension 0. There exists a deformation
Π : X → S → ∆
of f such that Π is an f−1(C)-locally trivial algebraic approximation of X for every subvariety C ( S.
Proof. — Since f is a P1-bundle over a smooth base, if Z ⊂ S is a finite subset, then every small deformation
of f is an f−1(Z)-locally trivial deformation of X. Therefore we can assume that C is a union of curves.
Since a(S) = 0, there are only finitely many curves in S. So we can further assume that C is the union
of all the curves in S. Let ν : S → Smin be the map from S to its minimal model Smin, which is a surface
satisfying ωSmin ≃ OSmin . If Cmin denotes the union of all the curves in Smin, then by Lemma 1.10 there exists
a Cmin-locally trivial algebraic approximation Smin → ∆ of Smin preserving NS(Smin). By Lemma 4.1 and
Proposition 5.3, the family Smin → ∆ can be lifted to a C-locally trivial deformation S → ∆ of Swhich can
be further lifted to a deformation X0
f˜
−→ S → ∆ of the P1-bundle f : X → S.
Let η : S
ν
−→ Smin → Scan be the composition of νwith the contraction of the (−2)-curves (so all the curves)
of Smin. Let Ucan ⊂ Scan be a Stein neighborhood of the finite subset η(C). Since S → ∆ is C-locally trivial,
up to shrinking Ucan we can assume that there exists a neighborhood U ⊂ S of the trivial deformation
C ⊂ S → ∆ of C such that U ∩ S = U := η−1(Ucan) and U ≃ U × ∆ over ∆. We claim that H2(U ,O×U ) = 0.
Indeed, it suffices to show that H3(U ,Z) = 0 and H2(U ,OU ) = 0. Since U deformation retracts to C, we
have H3(U ,Z) = H3(C,Z) = 0. As Ucan × ∆ is Stein and the fibers of the composition φ : U → Ucan × ∆ of
the isomorphism U ∼−→ U×∆with η× Id∆ are of dimension ≤ 1, it follows from the Leray spectral sequence
that H2(U ,OU ) = 0.
As H2(U ,O×
U
) = 0, there exists a locally free sheaf F of rank 2 on U such that f˜−1(U ) ≃ P(F ) over
U˜ where f˜ is the map f˜ : X0 → S defining the deformation of f . If we consider (φ∗F )∨∨ as a family of
reflexive sheaves Gt on Ucan parameterized by t ∈ ∆, then since Ucan has at worst rational double points
as singularity, Artin-Verdier’s theorem shows that t 7→ Gt is isomorphic to a constant family [3, Theorem
1.11]. In particular, F|U \C is isomorphic to pr∗1(F|U\C) where pr1 : U \C → U\C is the composition of the
isomorphism U \C ≃ (U\C) × ∆ with the projection (U\C) × ∆ → U\C. Therefore we can glue X0\ f˜−1(C )
with f−1(U) × ∆ along f˜−1(U \C ) ⊂ X0\ f˜−1(C ) and f−1(U\C) × ∆ ⊂ f−1(U˜) × ∆ using the isomorphisms
f˜−1(U \C ) ≃ P
(
F|U \C
)
≃ P
(
pr∗1(F|U\C)
)
≃ f−1(U\C) × ∆
to obtain a new deformation X → S → ∆ of the P1-fibration f : X → S, which is now f−1(C)-locally
trivial.
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As Smin → ∆ is an algebraic approximation of Smin, the family S → ∆ is an algebraic approximation of
S. It follows from Corollary 2.12 that X → S → ∆ is an algebraic approximation of f . 
6 Proof of Theorem 1.11: Case a(S) = 1
Nowwe prove Theorem 1.11 for P1-fibrationsX → S over an elliptic surface. Elliptic surface has itself an
algebraic approximation realized by its associated tautological family, which is similar to the one associated
to a smooth torus fibration recalled in 4.3. Let us first recall the construction of the tautological families.
6.1 Tautological families associated to elliptic surfaces
Let p : S→ B be an elliptic surface and j : B⋆ ֒→ B the inclusion of a nonempty Zariski open subset such
that p⋆ : S⋆ → B⋆ is smooth where S⋆ := p−1(B⋆) and p⋆ := p|S⋆ . Let G be a finite group acting on both S
and B such that p is G-equivariant and assume that p has local sections at every point of B. Let J → B⋆ be
the Jacobian fibration associated to p⋆. The sheaf JH/B = J of germs of holomorphic sections of J → B⋆
can be identified with the quotient E /H where H = R1p⋆∗ Z and EH/B = E := R
1p⋆∗ OS⋆ . The elliptic surface
p : S → B, as a bimeromorphic J-torsor, corresponds to an element η(p) ∈ H1(B, j∗JH/B) (see [31, Section
4.3]).
The following result is taken from [31, Theorem 1.2 and Proposition-Definition 4.10], but stated for
elliptic surfaces, this result is already due to Kodaira [27].
Proposition 6.1 (Kodaira). — There exists a family of bimeromorphic J-torsors
Π : S
q
−→ B × V → V
parameterized by a finite dimensional linear subspace V ⊂ H1(B, j∗E )G which satisfies the following properties.
i) The family contains p : S → B as the central fiber and for all t ∈ V, the bimeromorphic J-torsor St → B
parameterized by t represents the element
η(p) + exp(t) ∈ H1(B, j∗J )
where exp : H1(B, j∗E )→ H1(B, j∗J ) is the map induced by the quotient exp : E → J .
ii) The family Π preserves the G-action on f and is G-equivariantly locally trivial.
iii) The points parameterizing algebraic members of Π form a dense subset of V.
The familyΠ in Proposition 6.1 is called a (G-equivariant) tautological family associated to p.
For later use, let us recall the construction of the elliptic fibration q : S → B × V in the composition Π
following the proof of [31, Proposition-Definition 4.10]. Let {Ui}i∈I be a G-invariant good open cover of B
such that p : S → B has local sections over each Ui and that Ui j ⊂ B⋆ for every i , j. Since V is simply
connected, the product {Ui × V} is a good open cover of B × V. Let
ξ ∈ H1(B, j∗EH/B) ⊗H0(V,OV) ≃ H1
(
B × V, ( j × IdV)∗Epr−11 H/B×V
)
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be the element corresponding to the inclusion V ֒→ H1(B, j∗EH/B) and let
{
ξi j : V → EH/B(Ui j)
}
be a G-
invariant 1-cocycle representing ξ. We can assume that ξi j |B×{0} = 0 (or equivalently ξi j(0) = 0). Indeed,
since ξ|B×{0} = 0, by the snake lemma the latter follows from the surjectivity of the restriction of the
1-coboundaries
B1
(
{Ui × V}, ( j × IdV)∗Epr−11 H/B×V
)G
= B1
(
{Ui × V},pr∗1 j∗EH/B
)G
→ B1
(
{Ui}, j∗EH/B
)G
to B = B × {0} ⊂ B × V. Let Si = p−1(Ui) and Si j = p−1(Ui j). Then q : X → B × V is obtained by gluing the
Si × V → Ui × V using the translations
ei j := tr
(
exp(Ui j × V)(ξi j)
)
: Si j × V → Si j × V
where exp : Epr−11 H/B×V → Jpr−11 H/B×V is the natural quotient map.
6.2 Algebraic approximations of P1-fibrations over elliptic surfaces
The following result shows that given a P1-fibration X → S over a non-algebraic Kähler elliptic surface,
the tautological family associated to S can always be lifted to a deformation of X → S.
Proposition 6.2. — Let f : X → S be a P1-fibration over a non-algebraic smooth compact Kähler elliptic surface
p : S → B. There exists an algebraic approximation Π : S → B × V → V of p which can be lifted to an algebraic
approximation
X → S → B × V → V
of f such that the underlying deformation of π := p ◦ f : X → B is locally trivial over B.
The schema of proof of Proposition 6.2 is simple. For simplicity, let us assume that p is smooth. Let
J be the sheaf of germs of local sections of the Jacobian fibration associated to p, which we consider as a
subsheaf of A utS/B, the sheaf (on B) of germs of automorphisms of S over B. Based on the assumption that
S is non-algebraic, we will first describe the ruled surfaces fb : Xb → Sb that can appear as a general fiber of
f : X → B (see Lemma 6.4). These descriptions allow us to lift locally sections of J to sections of A utX/B
using results of [33]. By Propoition 6.2, the tautological family
Π : S
q
−→ B × V → V
associated to p is an algebraic approximation of p. Since Π corresponds to the deformation of 1-cocycles
t 7→
{
exp(ξi j(t))
}
with coefficients in J (with respect to some open cover {Ui} of B), it suffices to show that
t 7→
{
exp(ξi j(t))
}
can be lifted to a deformation of 1-cocycles with coefficients in A utX/B, so that we can glue
f−1(Ui) := Xi → Ui using these 1-cocycles and obtain a deformation of f lifting Π.
Proof of Proposition 6.2. — Since S is not algebraic, every subvariety of S is contained in a finite union of
fibers of p : S → B. In particular by generic smoothness of f , the image of the non-smooth locus of f in S
is supported on a finite union of fibers of p. Let B⋆ ( B be a nonempty Zariski open subset such that the
restrictions f⋆ : X⋆ → S⋆ and p⋆ : S⋆ → B⋆ of f and p respectively are smooth where S⋆ := p−1(B⋆) and
X⋆ := π−1(B⋆). It follows that π⋆ := p⋆ ◦ f⋆ is a smooth family of ruled surfaces Xb → Sb.
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Lemma 6.3. — Let f : S → B be a smooth elliptic fibration over an affine curve. Every Pn-bundle over S is the
projectivization of some vector bundle.
Proof. — Since the obstruction to lifting a projective bundle to a vector bundle is a torsion element in
H2(S,O×
S
), it suffices to show that H2(S,O×
S
) is torsion-free.
SinceRi f∗OS = 0 for every i ≥ 2 andHp(B,Rq f∗OS) = 0 for every p ≥ 1 becauseB is affine, using the Leray
spectral sequence we obtain Hi(S,OS) = 0 for i = 2 or 3. It follows from the exponential sheaf sequence
that H2(S,O×
S
) ≃ H3(S,Z). As the fibers of f are curves and B is an affine curve, whenever p ≥ 2 or q ≥ 3
we have the vanishing Ep,q2 = H
p(B,Rq f∗Z) = 0 of the E2-terms in the Leray spectral sequence computing
H3(S,Z). It follows that
H3(S,Z) ≃ E1,22 = H
1(B,R2 f∗Z) ≃ H1(B,Z),
which is torsion-free. 
By Lemma 6.3, there exists a locally free sheaf E of rank 2 on S⋆ such thatX⋆ = P(E ). For every Eb := E|Sb ,
let e(Eb) = 2 deg(Mb) − deg(Eb) where Mb is a maximal invertible subsheaf of Eb. The invariant e(Eb) is
well-defined by virtue of [22, Proposition 2.8].
Lemma 6.4. — If b is a general point of B⋆, then either Eb is indecomposable with e(Eb) ≤ 0, or Eb ≃ Lb ⊕L ′b for
some invertible sheaves Lb and L ′b on Sb with degLb = degL
′
b .
Proof. — Let us assume the contrary. If b ∈ B⋆ is a very general point, then by [22, Theorem V.2.15]
Eb ≃ Lb ⊕ L
′
b for some invertible sheaves Lb and L
′
b on Sb with degLb , degL
′
b . By [22, Example
V.2.11.3], there is exist a unique section Cb ⊂ Xb of Xb → Sb such that in Xb, we have [Cb]2 < 0. So
H0(Cb,NCb/Xb ) = 0 and thus the projection DX/B → B from the relative Douady space DX/B of π : X → B is
unramified at Cb. As B is irreducible, Cb is contained in a unique irreducible component C of DX/B, which
also contains Cb′ for every other very general point b′ ∈ B. So over a countable intersection B◦ ⊂ B⋆ of
nonempty Zariski open subsets of B⋆, there is a section B◦ → C of C → B associating b to Cb, which shows
that C → B is generically injective. Since C → B is proper [18, Theorem 5.2], the image in X of the total
space of the universal family D → C contains an irreducible closed surface D ⊂ X such that D ∩Xb = Cb.
Let τ : D˜→ D be a desingularization of D. We have
c1(τ∗ND/X) · [τ−1(Cb)] = [D]2 · [Xb] = [Cb]2 (in Xb) < 0.
So c1(τ∗ND/X(mCb))2 > 0 for some m≪ 0, and therefore D˜ is algebraic [4, Proposition 6.2]. As D˜ dominates
S and S is non-algebraic, there is a contradiction. 
Let b ∈ B⋆ be a general point. According to Lemma 6.4 and [22, Theorem V.2.15], there are four types of
Eb:
1. Eb ≃ Lb ⊕Lb for some invertible sheaf Lb;
2. Eb ≃ Lb ⊕L ′b where Lb ; L
′
b are invertible sheaves of the same degree;
3. Eb is the non-trivial extension of Lb by Lb;
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4. Eb is indecomposable with e < 0.
When Eb is of type 1, Proposition 6.2 already follows from [39, Theorem 1.6] (one can easily check that the
algebraic approximation produced in the proof of [39, Theorem 1.6] is locally trivial over B). From now
on we assume that Eb is of type 2, 3, or 4. Up to replacing B⋆ with a smaller Zariski open subset, we can
assume that Eb is purely of type 2, 3, or 4 for every b ∈ B⋆.
By Lemma [15, Proposition 3.11], there exists a Galois cover r : B˜→ B of B such that the elliptic fibration
p˜ : S˜ := S ×B B˜ → B˜ has local sections at every point of B˜. Let G := Gal(B˜/B). By Proposition 6.2, the
G-equivariant tautological family
Π : S˜
q
−→ B˜ × V → V ⊂ H1(B˜, j∗EH˜/B˜)
G (6.1)
associated to p˜ is an algebraic approximation p˜ which is G-equivariantly locally trivial over B˜. Here,
j : B˜⋆ → B˜ is the inclusion and EH˜/B˜ = R
1p˜⋆∗ OS˜⋆ where p˜
⋆ : S˜⋆ → B˜⋆ is the restriction of p˜ to S˜⋆.
Lemma 6.5. — The tautological family Π lifts to a deformation
Π′ : X˜ → B˜ × V → V
of π˜ : X˜ := X ×S S˜ → B˜ which is G-equivariantly locally trivial over B˜.
Proof. — Let {Ui}i∈I be a G-invariant good open cover of B˜ such that p˜ : S˜ → B˜ has local sections over each
Ui and for each pair of indices i, j ∈ I such that i , j, we have Ui j := Ui ∩U j ⊂ B˜⋆ where B˜⋆ := r−1(B⋆). We
can also assume that for every 1 ∈ G, either 1(Ui j) = Ui j or 1(Ui j) ∩ Ui j = ∅. Let S˜⋆ = p˜−1(B˜⋆), S˜i := p˜−1(Ui),
S˜i j := p˜−1(Ui j), X˜i := π˜−1(Ui), and X˜i j := π˜−1(Ui j). Let J be the sheaf of sections of the Jacobian fibration
J×V → B˜⋆ ×V associated to S˜⋆ ×V → B˜⋆ ×V. Recall that q : S˜ → B˜×V is a bimeromorphic (J×V)-torsor
obtained by gluing the S˜i × V → Ui × V using the 1-cocycle of translations
{
ei j : S˜i j × V → S˜i j × V
}
defined
by
ei j = tr
(
exp(Ui j × V)(ξi j)
)
,
where exp : ( j × IdV)∗Epr−1H˜/B˜×V → ( j × IdV)∗J is the exponential map and
{
ξi j : V → EH˜/B˜(Ui j)
}
is a G-
invariant 1-cocycle with coefficients in ( j × IdV)∗Epr−1H˜/B˜×V representing the inclusion V ֒→ H
1(B˜, j∗EH˜/B˜)
G,
which we can assume that ξi j(0) = 0. In particular, {ei j} is a G-invariant and ei j|S˜i j×{0} = IdS˜i j .
Let A utX˜⋆×V/S˜⋆×V denote the sheaf (on B˜
⋆ × V) of germs of automorphisms of X˜⋆ × V over S˜⋆ × V and
A ut0
X˜⋆×V/S˜⋆×V
its subsheaf of identity components. According to whether Eb is of type 2, 3, or 4, by [33,
Theorem 2] (or rather by the explicit description of Aut(Eb) in [33, p.91 and 92]) the automorphism group
Aut0
S˜b
(X˜b) is canonically isomorphic to C×, C, or 0, so
A ut0
X˜⋆×V/S˜⋆×V
≃ O×
B˜⋆×V
or OB˜⋆×V or 0. (6.2)
Let A utX˜⋆×V/B˜⋆×V be the sheaf on B˜
⋆ × V defined as follows: for every open subset U ⊂ B˜⋆ × V, let
S˜⋆U → U be the restriction of the smooth elliptic fibration S˜
⋆×V → B˜⋆×V to S˜⋆U := (p˜× IdV)
−1(U). We define
A utX˜⋆×V/B˜⋆×V(U) to be the group of biholomorphic maps φ : X˜
⋆
U → X˜
⋆
U := (π˜ × IdV)
−1(U) over U which
descend to a translation S˜⋆U → S˜
⋆
U. By definition, there is a descent morphismΨ : A utX˜⋆×V/B˜⋆×V → J and
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ker(Ψ) = A utX˜⋆×V/S˜⋆×V. Moreover since Eb is of type 2, 3, or 4,Ψ is surjective [33, Lemma 8], so we have a
short exact sequence
0 A utX˜⋆×V/S˜⋆×V A utX˜⋆×V/B˜⋆×V J 0.
Ψ (6.3)
SinceA ut0
X˜⋆×V/S˜⋆×V
is a sheaf of abelian groups, theA utX˜⋆×V/B˜⋆×V-action on by conjugation onA ut
0
X˜⋆×V/S˜⋆×V
descends to a J -action.
Claim. — The induced J -action on A ut0
X˜⋆×V/S˜⋆×V
is trivial.
Proof. — Let t ∈ B˜⋆ × V and let S˜t (resp. X˜t) be the fiber of S˜⋆ × V → B˜⋆ × V (resp. X˜⋆ × V → B˜⋆ × V)
over t. It suffices to show that for every x ∈ Jt where Jt is the fiber of the Jacobian fibration J × V → B˜⋆ × V
over t, the automorphism Φx : AutS˜t(X˜t) → AutS˜t(X˜t) induced by the J -action is the identity. For every
1 ∈ AutS˜t(X˜t), since x 7→ Φx(1) is a holomorphic map from the elliptic curve Jt to eitherC
×, C, or 0 according
to (6.2), it is constant. Hence Φx(1) = Φ0(1) = 1. 
By the surjectivity ofΨ in (6.3), there exists a collection of biholomorphic maps
{
e˜i j ∈ A utX˜⋆×V/B˜⋆×V(Ui j × V)
}
lifting the 1-cochain {ei j} such that e˜i j|X˜i j×{0} = IdX˜i j . We can assume {e˜i j} to be G-invariant. Indeed, since {Ui j}
is G-invariant and since we have either 1(Ui j) = Ui j or 1(Ui j) ∩ Ui j = ∅, it suffices to pick one Ui j in each
G-orbit of {Ui j} and construct an Hi j-invariant lifting e˜i j of ei j where Hi j ⊂ G is the subgroup of elements
h ∈ G such that h(Ui j) = Ui j. Since Hi j is finite, the image of A utX˜⋆×V/B˜⋆×V(Ui j × V)
Hi j in J (Ui j × V)Hi j
contains the identity component of J (Ui j × V)Hi j . As ei j is connected to the identity in J (Ui j × V)Hi j via
t 7→ ei j(t) := tr
(
exp(Ui j × V)(tξi j)
)
,
ei j has aHi j-invariant lifting e˜i j ∈ A utX˜⋆×V/B˜⋆×V(Ui j ×V)
Hi j . To be more concrete, there exists a path t 7→ e˜i j(t)
in A utX˜⋆×V/B˜⋆×V(Ui j × V)
Hi j lifting t 7→ ei j(t) such that e˜i j(0) = Id and e˜i j(t)|X˜i j×{0} = IdX˜i j and we can set
e˜i j = e˜i j(1).
As {ei j} is a 1-cocycle, by (6.3) the collection of compositions {e˜ki ◦ e˜ jk ◦ e˜i j} is a 2-cocycle with coefficients in
A utX˜⋆×V/S˜⋆×V. Since t 7→ {ei j(t)} is a path of 1-cocycles connecting {ei j} and Id, which lifts to a path t 7→ {e˜i j(t)}
connecting {e˜i j} and Id, the 2-cocycle {e˜ki◦ e˜ jk◦ e˜i j} is with coefficients in the identity componentA ut0X˜⋆×V/S˜⋆×V.
As H2(B˜ × V,O×
B˜×V
) = 0 and H2(B˜ × V,OB˜×V) = 0, by (6.2) {e˜ki ◦ e˜ jk ◦ e˜i j} is the coboundary of a 1-cochain {βi j}
with respect to the open cover Ui × V with coefficients in A ut0X˜⋆×V/S˜⋆×V such that βi j|X˜i j×{0} = IdX˜i j . So
e˜ki ◦ e˜ jk ◦ e˜i j = βki ◦ β jk ◦ βi j.
Since the A utX˜⋆×V/B˜⋆×V-action on A ut
0
X˜⋆×V/S˜⋆×V
by conjugation is trivial by the above claim, we have
(e˜ki ◦ β−1ki ) ◦ (e˜ jk ◦ β
−1
jk ) ◦ (e˜i j ◦ β
−1
i j ) = Id.
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By a similar argument as we did before for {e˜i j}, we can also assume that {βi j} is G-invariant. Indeed, as
G is finite, the image of the G-invariant part of the coboundary map
δG : C1
(
{Ui × V},A ut0X˜⋆×V/S˜⋆×V
)G
→ B2
(
{Ui × V},A ut0X˜⋆×V/S˜⋆×V
)G
contains the identity component of B2
(
{Ui × V},A ut0X˜⋆×V/S˜⋆×V
)G
. Since e˜ki ◦ e˜ jk ◦ e˜i j is connected to the
identity in A utX˜⋆×V/S˜⋆×V(Ui jk × V)
Hi jk via t 7→ e˜ki(t) ◦ e˜ jk(t) ◦ e˜i j(t) where Hi jk ⊂ G is the stabilizer of Ui jk, it
follows that the 2-cocycle e˜ki ◦ e˜ jk ◦ e˜i j is in the identity component of B2
(
{Ui × V},A ut0X˜⋆×V/S˜⋆×V
)G
. Therefore
e˜ki ◦ e˜ jk ◦ e˜i j is the coboundary of some G-invariant 1-cochain {βi j}.
The G-invariant 1-cocycle of biholomorphic maps
{
e˜i j ◦ β−1i j : X˜i j × V → X˜i j × V
}
is a lifting of {ei j}, so we can glue the X˜i × V → S˜i × V to a map X˜ → S˜ and the composition
Π′ : X˜ → S˜ → B˜ × V → V
is a lifting of Πwhich is G-equivariantly locally trivial over B˜. Since (e˜i j ◦ β−1i j )|X˜i j×{0} = IdX˜i j , the central fiber
of Π′ is π˜ : X˜ → B˜. In other wordsΠ′ is a deformation of π˜, which finishes the proof of Lemma 6.5. 
By Lemma 2.4, the quotient
X := X˜ /G→ S := S˜ /G→ B × V → V
of Π′ is a deformation of π : X → B which is locally trivial over B. As the fiber Xt of X → V over t is
a P1-fibration over St, by Corollary 2.12 Xt is algebraic if St is algebraic. Since S → V is an algebraic
approximation, it follows that X → V is also an algebraic approximation, which concludes the proof of
Proposition 6.2. 
Now Theorem 1.11 for Case ii) follows easily from Proposition 6.2.
Corollary 6.6 (Theorem 1.11, Case ii)). — Let f : X → S be a P1-fibration over a non-algebraic smooth compact
Kähler elliptic surface p : S→ B. There exists a deformation
Π : X → S → ∆
of f such that Π is an f−1(C)-locally trivial algebraic approximation of X for every subvariety C ( S.
Proof. — Since S is non-algebraic, every subvariety C ( S is contained in a finite union of fibers of p. Hence
Corollary 6.6 follows from Proposition 6.2. 
7 Conclusion
Let us conclude with the proof of Theorem 1.1 and some open problems.
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Proof of Theorem 1.1. — Let X be a compact Kähler threefold and a(X) the algebraic dimension of X, which
is an integer between 0 and 3. If a(X) = 3, then X is already projective. If a(X) = 2, then Theorem 1.1 is
covered by Theorem 1.5. So we may assume that a(X) ≤ 1, which implies κ(X) ≤ 1. If κ(X) = 0 or 1, then by
Proposition 1.6 and Theorem 1.8, X is bimeromorphic to a quotient varietyX′ := X˜/G admitting a C-locally
trivial algebraic approximation for every subvariety C ⊂ X′ with dimC ≤ 1. AsX′ is normal (because it is a
finite quotient of a smooth variety), we conclude by Proposition 1.3 that X has an algebraic approximation.
Finally if κ(X) = −∞, then X is bimeromorphic to one of the P1-fibrations listed in Proposition 1.7. In Case
i), X is smooth; in Case ii) up to replacingXwith the normalization we can assume thatX is normal. So we
can apply Proposition 1.3 and conclude by Theorem 1.11 that X has an algebraic approximation. 
Now we know that compact Kähler manifolds X with either dimX = 3 or a(X) ≥ dimX − 1 have
algebraic approximations (Theorem 1.1 and [32, Theorem 1.1]). As current known examples of compact
Kähler manifolds X answering negatively the Kodaira problem all satisfy a(X) ≤ dimX − 4, the following
question remains open.
Question 7.1. — Does there exist a compact Kähler manifold X of algebraic dimension a(X) ≥ dimX − 3 which
does not have any algebraic approximation?
Due to Voisin’s examples [42], uniruled compact Kähler manifolds can fail to admit algebraic approxi-
mations in dimension at least 5. Indeed, let X be one of the Voisin’s examples of dimension 4 and take the
product X × P1. Since every deformation of X × P1 induces a deformation of the projection X × P1 → X [37,
Theorem 2.1],X×P1 cannot have any algebraic approximation. For uniruled fourfolds, theKodaira problem
is still open.
Question 7.2. — Does there exist a uniruled compact Kähler fourfold X which does not have any algebraic approx-
imation, or even the homotopy type of a projective manifold?
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